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1. Introduction

For normal operation of Coriolis flowmeters, the mass flow rate
and density of the fluid is measured under the assumption that the
center-of-mass (CM) is fixed on the axis of the vibrating pipe(s).

This assumption of a fixed CM is violated if either compressi-
bility or phase decoupling occurs [1]. An overview of the relevance
of these effects is provided in Table 1.

The measurement errors due to compressibility increase with
decreasing speed of sound and are always positive: the measure-
ment is above the true value [2]. The physical reason for the
moving CM is that transverse acoustic modes (pressure waves)
are excited. This excitation can occur even if the pipes are not
vibrated by external means. Compressibility effects are most
severe when the frequency of the fundamental transverse acoustic
mode (FTAM) approaches the driver frequency.

Errors due to phase decoupling occur because the acceleration of
the two phases is different. “Bubble theory” is a theoretical treatment
of errors due to phase decoupling [3,4]. For this error type, measure-
ment errors are negative, i.e. measurements are below the true value.

Models including effects due to both phase decoupling and
compressibility can be found in [5,6].

Additional effects which may cause measurement errors have
been identified, e.g., asymmetric damping [7,8] and velocity profile
[9,10]. These effects are outside the scope of this paper.

Representative examples of Coriolis measurement errors for
two- and three-phase flows can be found in [11,12].
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Nomenclature: a fluid is either a liquid or a gas. A particle can
be either a solid or a fluid (gas bubble or liquid droplet).

To date, the published bubble theory has dealt with zero
particle density combined with either viscous or inviscid fluids.
A direct comparison of the bubble theory with measurements for
an air-water mixture can be found in [4].

In this paper, we review the complete bubble theory, which
includes effects associated with finite particle density and viscosity.

The paper is organized as follows: In Section 2 we study the dyn-
amics of an infinitely viscous particle immersed in an inviscid fluid. In
Section 3 we derive the force on a vibrating container due to inviscid
particles having finite density in an inviscid fluid. This is followed by a
brief review of the case of a viscous fluid with zero density particles in
Section 4. The complete expression, which includes finite particle
density and viscosity, is presented in Section 5. Mass flow rate and
density measurement errors due to phase decoupling are derived in
Section 6. Compressibility errors are briefly summarized in Section 7
and combined measurement errors due to both compressibility and
phase decoupling can be found in Section 8. The most important
assumptions and limitations of the bubble theory are discussed in
Section 9. Finally, we summarize our conclusions in Section 10.

2. Infinitely viscous particle and inviscid fluid: finite particle
density

2.1. Virtual mass of particle

We begin this Section by reviewing the virtual mass of a
particle in a fluid, see § 11 in [13].
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Table 1
Overview of measurement errors.

Phase Compressibility error Phase decoupling error
Liquid Small Not applicable

Gas Medium Not applicable
Two-phase Large Large

(e.g., gas and liquid)

We consider a particle exhibiting oscillatory motion in a fluid
under the influence of an external force f. We wish to find the
equation of motion of the particle.

The momentum of the particle is

Pp =mplp, (1

where the subscript “p” is the particle, p is the momentum, m is
the mass and u is the velocity.
The momentum of the fluid is

ﬁf = minducedﬁp, (2)

where the subscript “f” is the fluid and mj,gyceq is the induced mass
(in general: the induced-mass tensor mj).

The temporal derivative of the total momentum of the system
is equal to the external force

f = % = (mp +minduced)% :fp +ff 3)
The force on the particle due to the fluid (ff) exists because the
particle has to displace some volume of the surrounding fluid, i.e.
the fluid exerts a drag force on the particle. The additional inertia
of the system can be modeled as a part of the fluid moving with
the particle.

The equation of motion of the particle is

= du du,

f = (mp + minduced)d_tp = mvir[uuld_tp, (4)
where

Myirtyal = mp + Minduced (5)

is the virtual mass of the particle.
An alternative nomenclature can also be found in the literature

Meffective = Mp +Madded (6)

2.1.1. Example: spherical particle
We assume the particle to be a sphere having radius a and
volume

Vy,=4na? (7)
The actual mass of the sphere is
my = /)pr, (8)

where p is density and the induced mass is [14]

2 1
Mindyced = §7fpfa3 = jﬂfvp 9

Then we can write the equation of motion for a sphere exhibiting
oscillatory motion in a fluid

1 du,
F= (g ) V't (10)

For this example, the induced mass is half of the mass of the fluid
displaced by the sphere.

2.2. Particle velocity

We continue by considering the particle velocity, also based on
§ 11 in [13].

Here, we study a particle set in motion by an oscillating fluid.
We wish to find an equation for the particle velocity.

First consider the situation where the particle is carried along
with the fluid (iiy = 7, ). Under this assumption, the force acting on
the particle is

- dug _

fola =3, =2V g = PVoly )
Next consider motion of the particle relative to the fluid. This motion
leads to an additional reactive force on the particle (see Eq. (3))

_ d(u, —us)

fp|ﬁf AUy — minducedii—tf (12)
So the total force on the particle is

- - _ dai, —1y)

fo=Fplg =, +fpla »x, =vapaf_minducedl:17tf (13)

The total force can also be expressed as the derivative with respect to
time of the particle momentum

d o _ dt, —y)

aiPeVetp) =fp=piVpa; — minducedpd—tf (14)
Rearranging terms we find

du du,

Tf@p Vp + minduced) = Tg@fvp + minduced) (] 5)

and integrating both sides with respect to time

ﬂp (/’p Vp 4+ Minduced) = ﬂf(/’fvp + Minduced) (] 6)

The expression for the particle velocity is

_ Vy+m;
I, = 1 PfVp induced 17
Pp Vp + Minduced

2.2.1. Example: spherical particle
Again we assume that the particle is a sphere. The equation for
the velocity of the sphere is

2pp +pr

up = Uy (18)
Three cases can be considered:
For a high density sphere the velocity of the sphere is zero

Pr<pPp
i~ 0 (19)

For identical fluid and particle densities, the velocities are the same

Pf="Pp
Up = Uy (20)

For a low density sphere, the velocity of the sphere is three
times higher than the fluid velocity

Pf>>Pp

ﬁp ~ 3ﬁf (2])
From this example we see that the velocity (and acceleration)

of the particle and the fluid can differ. This leads to the phase

decoupling phenomenon.
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3. Inviscid particle and fluid: finite particle density

We now proceed to derive the force on an oscillating container
due to a particle.

The major part of the derivation in this Section was taken
from [15].

In the remainder of this paper we will assume that the particle
is a sphere.

3.1. Motion of container and particle

We use spherical and Cartesian coordinate systems as defined
in Fig. 1.

We study motion of a particle in a fluid. The fluid is in a rigid
container with surface area S;. The container oscillates in the z
direction with acceleration ac, see the sketch in Fig. 1. The particle
inside the container has a surface area Sp.

The particle is assumed to be far from the wall of the container.
This is used when deriving the near flow field of the particle.
An equivalent assumption is that the particle size is small relative
to the size of the container.

The container oscillates at an angular frequency » with a small
amplitude ¢ (small compared to the particle radius). This assump-
tion allows us to neglect the non-linear term in the Navier-Stokes
equations, and is also needed for the boundary condition on the
particle surface. The small amplitude oscillation also means that
the particle maintains its spherical shape, i.e. surface tension does
not have to be taken into account.

The effect of gravity is neglected. If gravity were included, it
would cause a small drifting velocity of the particles superimposed
onto their vibrating motion. Thus they would sink or rise at a rate
which is assumed to be slow compared to their velocity through
the flowmeter.

Z:?;eiwt
u—dz—i 74
—E— .
du .
Ac =g =lot= —w?z (22)

We work with coordinates fixed with respect to the container.
Since the container is oscillating (accelerating), it is not an inertial
frame. Therefore, we must include a fictitious force, the inertia
force density (y; and y,) in the equations of motion for the fluid
and the particle respectively.

The equation of motion of the fluid in the container is

iw/)fﬁf = — VPf +}(f2
Xf = —pPslc, (23)

where P is the total pressure and Z is a unit vector in the z
direction.

Fig. 1. Container and particle geometry, adapted from [16].

The equation of motion of the material in the particle is

iwpplly = — VPy+yp2

Xp = —pPplc 24

If the density of the fluid and particle is the same, the pressure in
the particle and in the fluid is the same

Pp = Pf
Xp =Xf

=0

=0 (25)
Py =pso=x52

Pp=Dppo=x52

3.2. Expression for the additional force on the container that occurs
when the densities of fluid and particle differ

If the densities of fluid and particle differ, the pressures and
velocities also differ

Pp # Py

Py =pro+py

Pp=pro+Dbp

Pro =xf2

l'a)pfﬁf = — fo

i(1)[)pﬂp = — Vpp +()(p _)(f)‘%

(26)

This results in an extra force on the container due to the pressure
on the inside surface Sy is associated with the relative motion of
the particle and the fluid.

We now calculate this extra force in the z direction on the
container due to the density difference

Frz= 7{ PydSyz 27)
S

We can use the divergence theorem to convert between volume
and surface integrals

/fode = fpfdgf (28)
4 Sr
We apply this to the fluid in the container surrounding the particle

fo = - iwpfﬂf
prdef = 7ia)pf fﬁdef = j;pfdgff fpfdgp (29)
Vs 7 Sy Sp

Using suffix notation (i=1, 2 and 3) we can write this as
—ia)pf/uf’,-de = fpdefj— %pfdsp,i (30)
|7 S Sy

Further, we introduce the Einstein summation convention (sum
over repeated indices) and rewrite the velocity as a divergence

an k 0Xf’i aXf,,‘

d
Up i =—(Xfilfg) = Xfi——+U = Us j— = Us ;.5 31
i dxf’k( rillf k) = X oy +Us oxpx If & Xr 't 1 Siks (31)

where §; is the Kronecker delta, and the fluid is assumed to be
incompressible

6uf)k
aXf, k

=V =0 (32)
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We can express the velocity integrated over the container volume
as a surface integral over the particle

" " d
/”f,idvf =/ (@(’V,i%ﬂk)) dvy
v

Vr i
= fxf,,-uf,kdsf,k - fxfy,-ukadsp,k = - %xfﬂiufykdspyk, 33)
S Sp Sp
since
Uy dSy =1y - dS; = 0 (34)

Finally, we have an expression for the force as a sum of two surface
integrals over the particle

Ff,z = %pf de,Z = %pfdsp’zfiwpf/Uf,def

S S, 7
_ ?{ Py, +iap; 7{ 2u7,dS, (35)
s, S,

3.3. Expressions for pressure and velocity

In our derivation, we still have to calculate the pressure and
velocity close to the particle.

The equations of motion are given by Eq. (26).

On the surface of the particle (r = a), the pressure and the radial
velocity of the fluid and particle are equal

Df=Dplr=a

Uy =Uprlr— g (36)
We assume that the velocity in the fluid and in the particle is
divergence free (i.e. incompressible)

Vzpf _ Vzpp -0 (37)

We now use spherical coordinates fixed at the center of the
particle, where the distance from the center of the particle is r,
see Fig. 1.

Possible solutions for the pressures are then

pp=Kr cos 0
Py :rﬁz cos 0, (38)

where K and B are constants. The radial derivative of the pressure
in the particle and fluid is

9
ﬁ =K cos 6
or

o _ 28

e cos 0 (39)

Eq. (26) leads us to the equations of motion for the radial velocity
components

iwpplpr = —K cos 6+ (yp —xf) cos 6

2B cos 0

3 (40)

lwpply, =
To determine the equation relating constants K and B, we consider
the pressure on the particle surface

pf:pplr:a = Ka:a%

B=a’K (41)

The expression for K is derived from the radial velocity on the
particle surface

—K+xp—xr _ 2K

uf,r:up,r|r:a = P ’r

2pp
K ?+1 =xp—xr = Aclpf —pp)

PF=",
K = acpy <2;’p+;f> (42)

3.4. Combining expressions for pressure and velocity with the
additional force on the container

We now combine the results from Sections 3.2 and 3.3 to derive
an expression for the additional force as a function of the densities
of the fluid and particle.

The area of a strip on the surface of the particle is

dS, =1 d0 2zr sin 0], _, = 2za* sin 0.do 43)
The projection of the strip onto the z coordinate is
dSp, = cos 6dS,=2za® sin 0 cos 6 do (44)

We are now in a position to derive the desired expression for the
additional force on the container:

Ffﬁz = ?{pf de,z = fpf dSp,z-Fiwpf]{ZUf,r dSp

Sy Sp Sp
= j{pf dsp,z + iwﬂf?{(ruf‘r)‘r =a dsp,z
5, S

= j{prnaz sin 0 cos é}d€)+impf7{(ruf7r)|r:a2na2 sin @ cos 0 do
Sp Sp

.4 2 H 2 N
=27r(12/ (Bcos 0 sin 0+ZBcos 0 sin 0)(19
0

a? a?

.
=62B / cos20d( cos 0) = 4na’*K
J-1
Pf—Pp Pf—Pp
=4703 |acps | 52— | | =Vp|3acps | 52—
{ ! <2/’P o > ’ { ! <2/’P o )

3.5. Change in virtual mass of particle due to relative motion

(45)

The actual mass of the particle is given by Eq. (8).
The induced mass due to the relative motion of particle and
fluid is

Fr, Pf—Pp
my; ion=———=—3piV 46
p,mduced|motlon a PfVp (2/)1) e (46)
The induced mass due to buoyancy is
mp,induced|buoyancy = Vp(/)f 7pp) (47)

This buoyancy is a fictitious inertia force experienced in coordi-
nates fixed to the container. The force is proportional to mass, i.e.
it acts like gravity.

The total induced mass (see also Eq. (11) in [3]) is

mp,induced = mpjnduced‘motion + mp,induced|buoyancy

Pr—p
—3Vppr <2/j;p +;f> +Vplor —pp)

= - Vp(pf _pp)

3/)f _
2pp+pf
2pr—pp)°

=-V,— 48
S reu (48)
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In conclusion, the virtual mass of the particle is

sz—npffv{ 205 = pp)?
> . = Vp|Ppm T

My virtual = Mp +Mp induced = Vp/’p -V

" 20p+0s 20p+rs

(49)

3.5.1. Examples of the virtual mass of the particle
Three main cases can be studied.
Example 1. Light particle, e.g. air bubble in water (p, < pf):
200 —pp)*
2/{p+/l;f ~ pr

My, virtual ~ Vp@p - ZPf) ~ = 2/’pr (50)
Pp.virtual ~ Pp *pr ~ - pr
Example 2. Same density (p, = py):
2005 —pp)* _
2y =0
My, virtual = Pp Vp (51
Pp,virtual = Pp

Example 3. Heavy particle, e.g. sand particle in water (p, > pf):
20 —pp)* . 5er
Pp 2pp +p5 ~72
SpeVp
mp,virtual ~ 2
5p,
Pp.virtual ~ Tf (52)

4. Inviscid particle and viscous fluid: zero particle density

The material in this Section is taken from [16] and included for

completeness.
The force on the container is given by
Fr,= j{pfdsf,z = ?{pfdsp.z + iwpf% (rus )y = odSpz (53)
S Sp Sp

Here, the task is to derive expressions for p; and ug,. The
equation of the motion for the fluid now includes a viscosity term

iwpylly = — Vg +pup V215

(V2 +h?)gy = lef, (54)
Hf

where h is a complex constant [17] and

Here, v; is the kinematic viscosity and ur is the dynamic
viscosity.

The starting point for the derivation is § 353 in [17]. The near
field of the particle is a solution of Eq. (54) with

W oo
Hy
h= —%(—1+i)
2
5=, (56)
wps

where § is the characteristic viscous sub-layer thickness for an
oscillatory motion of a liquid near a boundary, see § 24 in [13]. For

the situation that we are analyzing, § is the characteristic thickness
of the viscous layer surrounding the particle.
We now define the functions

fo@) =4~
/ d —i —1 —1
o) =80 e (<2 T)
o 1 3 3
f2(c)=eil§(7§73+zi+é’*5>
/ dfy(0) i (ic+3  3¢—-12i —3ic—15
f&="4"=¢ f( A s T ) (57)
where
¢=ha=-5(~1+) (58)

The general structure of the equations for pressure and velocity is
provided in [17].
Boundary conditions on the surface of the particle lead to

Orr = Dfo =XfZ=xfT COS O
Z‘r:a,S:O =a

Dr= —Pro
Pflr=a 9=0= —xra=pysaca, (59)

where g, is defined in § 15 of [13].
The final result is the expression for the force on the fluid

Fi, = —4n0%yF =4 naacpF = pVpacF, (60)
where the reaction force coefficient F is

—L2Q2f () — 5+ 2O+ 2(fo )+ ()
Y= +1202f 6 — 2O+ 2O +4L (o (O + 20 +2Lf5(2)
(61)

F=1+¢&2

In Eq. (9) in [4] there is a typographical error in the equation
for the F factor: the first ¢-term in the denominator is —¢? instead
of —¢&3.

Note that this expression for F is only a function of ¢, i.e. the
Stokes number (see Eq. (58))

a_q |2
6_a 20 (62)

The importance of the Stokes number is also highlighted in [1],
where it was found that a large Stokes number implies a higher
degree of phase decoupling.

A plot of the real and imaginary parts of F as a function of (a/s)
is shown in Fig. 2 (same as Fig. 4 in [4]).

The real part of F is a virtual mass loss, ranging from the actual
mass loss to three times the actual mass loss.

The imaginary part of F represents the damping that acts
against the vibrating force. As seen from Fig. 2, the maximum
damping occurs at (a/5) =2.5.

The virtual mass loss has two limits, one for high viscosity
(F=1) and one for low viscosity (F = 3).

¢-0=F-1

Fr, = pfVpacF = pfVpac (63)
¢—o00=F-3

Fp, = psVpacF =3psVpac (64)

Under the assumption that p, «pf, the result in Eq. (64) is the
same as in Eq. (45).
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W L5 S AR [EER Imaginary part (Section 4) |

1 Real part (air-water mixture)
Lo ----- Imaginary part (air-water mixture)
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Fig. 2. Real (solid lines) and imaginary (dashed lines) part of the F factor. Black is
for the case treated in Section 4: Inviscid particle, viscous fluid and zero particle
density. Blue and red is for an air-water mixture. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

5. Viscous particle and fluid: finite particle density

The material in this Section is taken from [18] and included for
completeness.

The starting point in [18] is a formula for the drag force on a
spherical droplet oscillating in a fluid [19].

The force on the fluid is

Fr,= (pr */)p)vpacF, (65)
where the reaction force coefficient F is
4(1—1) (66)

47— (9iG/p%)

The density ratio is

= (67)
Pf
The Stokes number is
a
p=5 (68)
2 (1+2f(2)
G=14+14+—=-— 69
9 A3 —2% tanh A—2f()]+A+3)f (D) ©9)
A=1+ip=7C% (70)
where (- )* denotes the complex conjugate.
f(2)=4? tanh A—31+3 tanh A 71
The viscosity ratio is
k=P (72)
Hf

5.1. Examples of mixtures

To illustrate Eq. (66), we treat three examples of mixtures, with
water as the fluid.

The particles considered are air, heavy oil and sand, see Table 2
for the material properties used; c is the speed of sound.

For heavy oil, we use properties from [20].

For sand, we use the density and speed of sound of transparent
fused silica [21]. For modeling purposes we can assume that the
dynamic viscosity of sand is very large (infinite).

The corresponding density and viscosity ratios are shown in
Table 3.

The reaction force coefficient for these mixtures is shown in
Fig. 2 (air-water), Fig. 3 (oil-water) and Fig. 4 (sand-water).

The real part of F(a/6=20) is 3 for the air-water mixture,
1.1 for the oil-water mixture and 0.6 for the sand-water mixture.

6. Measurement errors

We now proceed to the derivation of measurement errors
based on the previous results.

The particles are all assumed to have the same radius and to be
non-interacting, i.e. not too close to each other. We also assume
that the particles are homogeneously dispersed throughout the
fluid. The assumption that we can neglect gravity effects is also
needed to treat the particles as uniformly distributed in the fluid.

Table 2
Material properties for air, heavy oil, water and sand.

Room temperature P {%} ’ {'I:Tgs] c 7
atmospheric pressure

Gas particle (air) 1.2 2e-5 343
Liquid particle (heavy oil) 868 5e—2 1441
Fluid (water) 998 le-3 1481
Solid particle (sand) 2200 1e12 (o0) 5968

(longitudinal wave)

Table 3
Material ratios and the minimum speed of sound in the mixture.

Room temperature atmospheric =2 k=" [——
pressure ! ’
Air-water mixture 12e-3 2e-2 24
Oil-water mixture 0.87 50 1441
Sand-water mixture 2.2 1e15 (o0) 1473
Oil-water mixture
< T :
: : Real part
o5l SRR Bt Imgginarypart 1
72
15
T
11— ]

e e e e e e e e o]

10 15 20
ald

0 5

Fig. 3. Real (solid blue line) and imaginary (dashed red line) part of the F factor for
an oil-water mixture. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Sand-water mixture

‘ ‘ Real part
2.5 | A Imaginary part

0 5 10 15 20
ald

Fig. 4. Real (solid blue line) and imaginary (dashed red line) part of the F factor for
a sand-water mixture. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

The volumetric particle fraction is defined as
Vo
Vp + Vf

(73)

The volumetric particle fraction is assumed to be constant
throughout the fluid.

The measurement errors that we plot in the remainder of this
paper are shown up to a volumetric particle fraction of 100%.
However, due to our assumptions, e.g., that the particles are
non-interacting and far from the wall, the measurement errors
are most likely only accurate for a volumetric particle fraction
below 10%.

6.1. Inviscid particle and viscous fluid: zero particle density

Measurement errors for the case of zero particle density and a
viscous (or inviscid) fluid are presented in [4].
The pipe (container) volume considered can be expressed as

Vf,p:Vp—O—Vf:Af, (74)
where A is the pipe cross-sectional area and # is the length of any

short length of the flowmeter pipe which is vibrating transversely.
So we can write

a= V‘f/fp (75)
and

1—a= v‘f/f - (76)
The mass and density of the mixture (we assume p, =0) is

My _p =My +Mmp =My = pyVy

pr—p=oapp+(1—a)ps =(1—a)s (77)
The mass flow rate of the mixture is

My _p = pr—pAV = prA(l —a)v, (78)
where

V=V, =Vf (79)

is the mean flow speed. We assume that there is no particle slip
velocity, i.e., the particle and the fluid move at the same velocity.
We also assume plug flow.

We assume that the angular oscillation frequency w is suffi-
ciently fast so that the flow does not move appreciably during one
cycle of the vibration.

The total inertia reaction force on the pipe section is the sum of
the force due to the liquid with mass my = pfV;_, and due to the
particle

Fm= 7prf,pac+Ff,Z
= 7prf,paC +prpacF

V
—/)fo_p (1 —pr F) ac

-p
= —pfVy_p(1—aF)ac (80)

Therefore, the force per unit length of pipe is

F

7m = _PfA(] —aF)ac = _l’fAmac, (81)

where we have defined an effective area for inertia

Am =A(1—aF) (82)

The apparent density measured is
pa=pf(1—af) (83)

The apparent mass flow rate measured is
Mq = ppA(l —aF)v (84)

Now we can calculate the density error (Fig. 5)
Eg=Ca"r_ _4F (85)
Pf—p
and the mass flow rate error (Fig. 6)
Tig — 1My _ B prA(1—aF)v —pA(1 —a)v _a(1-F)
my_p prA(1 —a)v (1—-a)
We note that these errors are calculated based on the assumption

that the flowmeter is supposed to measure the density and mass
flow rate of the fluid phase, see Appendix A in [2].

Epn=

(86)
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Fig. 5. Density measurement error based on zero particle density: solid blue line
for an inviscid fluid, dashed red line for an infinitely viscous fluid. (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 6. Mass flow rate measurement error based on zero particle density: solid blue
line for an inviscid fluid, dashed red line for an infinitely viscous fluid. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

For the infinitely viscous case, the density error is always
negative and there is no mass flow rate error.

For the inviscid case, both density and mass flow rate errors are
negative. They intersect at

Eg=Ep

a=3z 87)

So if the particle fraction is less than 33%, the largest error is in the
density measurement. For a particle fraction of more than 33%, the
largest error is in the mass flow rate measurement.

6.2. Viscous particle and fluid: finite particle density

We now repeat the steps from Section 6.1 but replacing Fy,
(Eq. (60)) by F, (Eq. (65)).

The total inertia reaction force on the pipe section is
Fm= —piVy_pac+Fs,

= —=pVy—plc+(ps —pp)VpacF
1— Vo F(?F—’p a

Viep \ #r

=—rVi-p

PF—Pp
=—piVr_,|1—aF|——]|a 88
pffp{"’(pf)}c (88)
The force per unit length of pipe is
Fn s al1—af (222 4. = — prAna, (89)
7 f o f
The effective area for inertia is
A=A {1 —aF (’mﬂ (90)
Pf
The apparent density measured is
PF—p
pa=py {1 _aF<fp>} 1
Pf

The apparent mass flow rate measured is

Tig = ppA | 1—aF (Mﬂ v (92)
Pf
Now we can calculate the density error
Eq= Pa=Pf-p
Pf—p
Pf [l —aF (%)] —lapp+(1—a)py]
B apy+(1—a)s
- 1-F
_alpr—pp)A=F) ©93)
app+(1—a)py
and the mass flow rate error
Ma—My_p
Epn=—:
" my_p
oA [1 - aF(%)] v—Afap,+(1—a)pslv
Alapy + (1 —a)pslv
—p,)(1—F
_ (X(I)f pp)( ) (94)
apy+(1—a)ps
We observe that
En=Eq (95

We note that these errors are calculated based on the assumption
that the flowmeter is supposed to measure the density and mass
flow rate of the mixture. This is in contrast to the error calculations
in Section 6.1.
If the particle and fluid density are equal, the error is zero.
There are two limiting cases for the errors. The first is where
the particle density is low compared to the fluid density

Pp<Pf

1-F
Em :Ed%—a(l_a)

(96)
The second is where the particle density is high compared to
the fluid density

Pp > Pf

Ej—Eq~F—1 ©97)

Errors for the three mixtures introduced in Section 5.1 are
shown in Fig. 7.

Density and mass flow rate
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Fig. 7. Density and mass flow rate error for mixtures: air-water (solid black line),
oil-water (dashed red line) and sand-water (dotted blue line). (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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7. Compressibility errors

Density and mass flow rate measurement errors due to com-
pressibility effects have been derived in [2]

Ea=4(;0)

1/ o 2
E; =2E,4 :5(—17) 5

(98)
Cr-p

where o is the driver frequency, ¢;_, is the mixture speed of
sound and b is the pipe radius.

The frequency of the fundamental transverse acoustic mode
is [2]

J116r -
Froan = mbep’ (99)
104 ; ' : ' ]
§, 103 : ;
T%J —6— Air-water mixture
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5 -+ Sand-water mixture [
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101 ‘ i i i
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Fig. 8. Speed of sound for mixtures: air-water (solid black line and circles), oil-
water (dashed red line and squares) and sand-water (dotted blue line and
triangles). Note that the vertical scale is logarithmic. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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where j; ; = 1.84118 is the first zero of the derivative of the Bessel
function of the first kind of order 1.

Now we introduce the reduced frequency, which is the ratio
of the driver frequency and the frequency of the fundamental
transverse acoustic mode [5]

e )

red = == =7
Feram FiaCr—p F1a\Gp

(100)

We find that the errors due to compressibility can be expressed
using the reduced frequency

1/ w 2 1 7 2
0 o A 2
Eq =z<cf7pb> =Zo1,1fred)2 :%fred

3
_J1a

2
Er‘n=25d—Tf§ed (101)

8. Combined compressibility and phase decoupling error

For certain conditions, the errors due to compressibility and
phase decoupling can simply be added. We quote from Appendix A
in [2]:

“We expect this simple addition of errors to be valid when the
individual error contributions are small compared to 1. Then, there
should be no physical interaction between the processes of bubble
compression (or expansion) and bubble motion relative to the
liquid; so these effects can be linearly combined.”

When those conditions are fulfilled, the expressions for the
combined (or total) error are

apy+(1—a)p; 4

C—p

£ _ %0 —pp)1-F) 1< ® b>2

- 2
E._"(f’f pp)1—F) 1<&b) (102)

me app+(1—a)pr  2\cr_p

Air-water mixture:
Driver frequency=500 Hz
Pipe radius=10 mm
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Fig. 9. Mass flow rate error for a mixture of air and water: total error (solid black line), phase decoupling error (dashed red line) and compressibility error (dotted blue line).
Left: low driver frequency. Right: high driver frequency. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)
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8.1. Mixture examples

For the calculations, we assume that the driver frequency is
independent of «. In reality, the driver frequency increases with
decreasing density.

The speed of sound of the mixtures is found using the following
formula [22]:

1 l—a «a

2 T 2t 2
Pr-pC5_p PG PpCp

(103)

Prc Py
C-p=

1
Prp (ﬂpfﬁ(l —a)+ppcia

The speed of sound of the mixtures is shown in Fig. 8. The mini-
mum speed of sound for the mixtures can be found in Table 3.

Air-water mixture:
Driver frequency=100 Hz
Pipe radius=10 mm
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We now calculate the combined error for a pipe radius of 10 mm.
Two different driver frequencies are considered, low frequency
(100 Hz) and high frequency (500 Hz).

The corresponding mass flow rate error for the air-water mix-
ture is shown in Fig. 9. For the low frequency, the error due
to phase decoupling dominates. For the high frequency, the
compressibility error becomes important and makes the total
error positive up to a high particle fraction. A similar overall
behavior is found for the density error of the air-water mixture,
see Fig. 10. The only difference is that the magnitude of the
compressibility error is half of that for the mass flow rate. The
consequence of this difference is that the total error is negative for
all particle fractions.

Different error behavior is observed for the oil-water and
sand-water mixtures, see Figs. 11 and 12: For both low and high
driver frequencies, the error due to phase decoupling dominates.
The reason is that the mixture speed of sound is very high.

Air-water mixture:
Driver frequency=500 Hz
Pipe radius=10 mm
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Fig. 10. Density error for a mixture of air and water: total error (solid black line), phase decoupling error (dashed red line) and compressibility error (dotted blue line). Left:
low driver frequency. Right: high driver frequency. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Oil-water mixture:
Driver frequency=500 Hz
Pipe radius=10 mm

100 j j j j

5
B B0 1
c
Q
£
=
?
@ 0
[}
IS
Q
©
E DB b B
‘; Total
% ————— Phase decoupling
= 3 [ Compressibility

-100 i i i T

0 20 40 60 80 100
o [%]

Oil-water mixture:
Driver frequency=500 Hz
Pipe radius=10 mm
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Fig. 11. Measurement error at high driver frequency for a mixture of oil and water: total error (solid black line), phase decoupling error (dashed red line) and compressibility

error (dotted blue line). Left: mass flow rate. Right: density. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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Sand-water mixture:
Driver frequency=500 Hz
Pipe radius=10 mm
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Sand-water mixture:
Driver frequency=500 Hz
Pipe radius=10 mm
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Fig. 12. Measurement error at high driver frequency for a mixture of sand and water: total error (solid black line), phase decoupling error (dashed red line) and
compressibility error (dotted blue line). Left: mass flow rate. Right: density. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

Table 4
Bubble theory assumptions.

Part of system Assumptions

Overall e The effect of gravity is neglected

Flow (particles
and fluid)

Particles and fluid move at the same velocity
Particles homogeneously dispersed in fluid
Plug flow

Incompressible

Particles Sphere
Surface tension is not taken into account
Single radius

Non-interacting

Container

Rigid (no fluid-structure interaction)
Oscillation amplitude is small compared to the
particle radius
Oscillation frequency:
Fast compared to the flow speed
Independent of the volumetric particle fraction

Particles and e The particle is far from wall of the container (the particle
container size is small relative to the size of the container)

9. Discussion
9.1. Main bubble theory assumptions

The assumptions underlying the bubble theory are scattered
throughout the paper. It may be useful for the reader to have an
overview of the main assumptions; these are collected in Table 4.
9.2. Other important effects not included

A constant volumetric particle fraction « is assumed in the

flowmeter. This implies that there is no pressure loss between the
flowmeter inlet and outlet.

The pipe geometry is not taken into account. One could
imagine that particles are trapped in certain locations of the
flowmeter if it is not a single straight pipe.

The flow pattern is not modeled, e.g. particle coalescing and
breakup. This is most important for low flow speeds where it
cannot be assumed that particles are homogeneously dispersed in
the fluid.

It is likely that there is interplay between the above-mentioned
effects.

10. Conclusions

In this paper we have reviewed the “bubble theory”. A combi-
nation of published and unpublished papers has been used to
outline the structure of the theory. The main result is the force on
an oscillating fluid due to a particle (Eq. (65)). This force can be
used to derive an expression for the measurement error due
to phase decoupling (Eqs. (93) and (94)). The total error due
to (i) phase decoupling and (ii) compressibility is provided in
Eq. (102).

The results have been illustrated using examples where water
(the fluid) is mixed with air, oil and sand (the particle).
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