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A B S T R A C T

Coriolis flowmeters experience measurement errors due to both single- and two-phase flow. For two-phase flow,
severe damping may occur, which leads to a (temporary) inability of the flowmeter to operate. The dominating
part of the damping is caused by decoupling of the continuous and the dispersed phase. This paper presents the
theory of damping due to decoupling in two-phase flow. Using a simple structural model, we provide examples
of mixtures with water as the continuous phase. The dispersed phase is either air, or oil or sand.

1. Introduction

The “bubble theory” is the theory of Coriolis flowmeter operation in
the case of entrained particles [1]. Entrained particles can cause (i)
measurement errors and (ii) damping. We reviewed the bubble theory
in [2] with emphasis on measurement errors. Equally important is the
damping; in this paper, we study damping for the same mixtures
discussed in [2]. The continuous phase (fluid) is water and the
dispersed phase (particle) is either air, oil or sand.

Physically, what occurs during Coriolis flowmeter operation is that
the motion of the fluid and the particles becomes decoupled. This
causes damping and leads to the centre-of-mass no longer being on the
axis of the vibrating tube(s). A broader overview of multi-phase flow in
Coriolis flowmeters is provided in [3].

The paper is structured as follows: in Section 2 we present the
theory of damping due to decoupling. A simple structural model for the
tube is introduced in Section 3 followed by energy deliberations in
Section 4. Quality factors are listed in Section 5. Combined expressions
from the theory and the structural model are summarised in Section 6,
while the results for the three mixtures can be found in Section 7.
Application examples and measurements are discussed in Section 8,
and we conclude in Section 9.

2. Damping due to decoupling

2.1. Mixture properties

The volume of the fluid–particle f p( – ) mixture is:

V V V= + ,f p p f– (1)

where Vp is the volume of the particles and Vf is the volume of the
fluid. We can then write the volumetric particle fraction:

α
V

V
= p

f p– (2)

The mixture density is:

ρ αρ α ρ= + (1 − )f p p f– (3)

We can then write the mixture mass as:

M ρ V=f p f p f p– – – (4)

The fluid mass is:

M ρ V ρ α V= = (1 − )f f f f f p– (5)

The particle mass is:

M ρ V ρ αV= =p p p p f p– (6)

2.2. Theory

2.2.1. Container motion
We consider a rigid container oscillating at an angular frequency Ω

with amplitude u in the z-direction. The fluid follows the container
displacement u. We assume that the displacement is much smaller than
the particle radius a: u a/ ⪡1.

In complex notation, the container displacement is:

z u e
Re z u Ωt
Im z u Ωt

= ×
( ) = × cos( )
( ) = × sin( )

c
iΩt

c

c (7)

By differentiating, the container velocity is:
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v iΩu e
Re v Ωu Ωt
Im v Ωu Ωt

= ×
( ) = − × sin( )
( ) = × cos( )

c
iΩt

c

c (8)

Finally, the container acceleration is:

a Ω u e
Re a Ω u Ωt
Im a Ω u Ωt

= − ×
( ) = − × cos( )
( ) = − × sin( )

c
iΩt

c

c

2

2

2 (9)

2.2.2. Force on particles
The force on the particles from the container is:

F F ρ ρ V a F= − = −( − ) ,p f z f p p c, (10)

see Eq. (65) in [2]. Here, F is the reaction force coefficient defined in
Eq. (66) in [2]. F depends on the Stokes number and the particle-to-
fluid density and dynamic viscosity ratios.

Expanding the complex terms we have:

F ρ ρ V Re a iIm a Re F iIm F

Re F ρ ρ V Re a Re F Im a Im F

Im F ρ ρ V Im a Re F Re a Im F

= −( − ) × [( ( ) + ( )) × ( ( ) + ( ))]

( ) = −( − ) × [ ( ) ( )− ( ) ( )]

( ) = −( − ) × [ ( ) ( ) + ( ) ( )]

p f p p c c

p f p p c c

p f p p c c (11)

2.2.3. Work done per cycle on particles
The work done per cycle on the particles by the container is:

∫W Re F Re v t= ( ) × ( )dp
π Ω

p c
0

2 /

(12)

To proceed, we need the real part of the force on the particles:

Re F ρ ρ V Ω u Ωt Re F Ωt Im F( ) = ( − ) × [cos( ) ( ) − sin( ) ( )]p f p p
2

(13)

The integrand in Eq. (12) is a combination of Eqs. (8) and (13). The
Ωt Ωtcos( )sin( ) term is zero when integrating over a cycle, so we get:

∫W ρ ρ V Ω u Im F Ωt t ρ ρ V Ω u Im F

π
Ω

π ρ ρ V Ω u Im F

= ( − ) ( ) × sin ( )d = ( − ) ( )

× = ( − ) ( )

p f p p
π Ω

f p p

f p p

3 2
0

2 /
2 3 2

2 2
(14)

Using Eq. (2), we can rewrite this as:

W π ρ ρ αV Ω u Im F= ( − ) ( )p f p f p–
2 2

(15)

This work leads to the decoupled motion of particles and fluid. The
drag between the fluid and the particles leads to a higher mixture
temperature. Simple estimates for the mixture examples we consider
show that this temperature increase is negligible, see Appendix A.

We observe that work scales:

• with the fluid–particle density difference;

• linearly with αV V=f p p– and Im(F) and

• quadratically with Ω and u.

2.2.4. Power dissipated per cycle on particles
The power dissipated per cycle on the particles by the container is:

P Ω
π

W ρ ρ αV Ω u Im F=
2

= 1
2

( − ) ( )p p f p f p–
3 2

(16)

Power dissipation modelling has been discussed in Chapter 7 of [4]:
given Ω and u, the particle motion equations were solved to yield the
deflection of the particles and the particle–fluid phase shift.

Instead of this approach, we obtain the corresponding information
from Im(F) which can be calculated analytically.

3. Tube structural mechanics

We now introduce a simple mechanical model of a tube that is used
instead of the rigid container. The tube is fixed at both ends with a force
applied at the midpoint. This means that u becomes a function of (i) the
applied midpoint force and (ii) the position along the tube x.

3.1. Static deflection

We proceed according to [5]. Initially, we assume that the tube is
surrounded by vacuum, both inside and outside.

The applied midpoint force is P, the length of the tube is L, the
modulus of elasticity of the tube is E and the moment of inertia is I.

The deflection curve is:

u Px
EI

L x x L= −
48

(3 − 4 ) (0 ≤ ≤ /2)
2

(17)

The maximum deflection at the midpoint is:

u u x L PL
EI

= − ( = /2) =
192max

3

(18)

The mean deflection is:

⎛
⎝⎜

⎞
⎠⎟

∫
u

u x x

L
P
EI

L PL
EI

u= −
( )d

=
48 2

=
384

=
2

L

0
3 3

max

(19)

The mean deflection squared is:

∫
u

u x x

L
P L

E I
u=

( ) d
= 13

560
×

48
= 13

35
×

L

2 0
2 2 6

2 2 2 max
2

(20)

In the following, we replace the deflection squared with the mean
deflection squared:

u u→2 2 (21)

The inner tube diameter is di and the outer tube diameter is do.
The tube moment of inertia is:

I
π d d= ( − )

64
o i

tube

4 4

(22)

With tube density ρtube we can write the tube mass:

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥M ρ V ρ Lπ d d ρ LA= =

2
−

2
= ,o i

tube tube tube tube

2 2

tube
(23)

where A is the tube cross-sectional area.

3.1.1. Steel tube example
We consider a steel tube at room temperature:

• E=200 GPa.

• ρ = 7850 kg/mtube
3.

• L=0.25 m.

• d = 20 mmi .

• d = 22 mmo .

• P=1 mN.

The moment of inertia is:

I e= 3.6 − 9 msteel tube
4 (24)

The deflection at the midpoint as a function of P is:

u P e= × 1.1 − 7 mmax,steel tube (25)

This means that for P=1 mN, the midpoint deflection is 0.1 nm.
The deflection curve is shown in Fig. 1.
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3.2. Vibration

Vibration modes are found as described in [6]. The frequency of
mode number i is:

f ω
π π

T
L

EI
ρ A

=
2

= 1
2

,i
i i

2

2
tube (26)

where Ti are roots of a frequency equation defined in [6]. For the
fundamental mode (i=1), T = 4.7301 .

The frequency of the fundamental mode is: f = 2138 Hz1 . The mode
shapes for the first five modes are shown in Fig. 2.

The tube spring constant (force/deflection) is:

k P
u

EI
L

= = 192
tube

max
3 (27)

The angular frequency of the fundamental mode can also be written
as:

ω k
M

= * ,1
tube

tube (28)

where M*tube is the effective mass of the tube.
Combining Eqs. (26) and (28) the effective tube mass can be written

as:

M
T

M* = 192 ×tube
1
4 tube

(29)

We can include a mixture by defining the total effective mass which
is the sum of the effective tube mass and the effective mixture mass:

M
T

M V ρ* = 192 × ( + )f p atotal
1
4 tube –

(30)

In Eq. (30) we use the apparent density ρa [2] instead of the
mixture density:

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎤
⎦
⎥⎥ρ ρ αRe F

ρ ρ
ρ

= 1 − ( )
−

a f
f p

f (31)

Including the mixture, the fundamental angular frequency is:

ω ω k
M

= = *f p– 1
tube

total (32)

Eqs. (30) and (32) are coupled through the apparent density
defined in Eq. (31): Re(F) is frequency-dependent. Examples of the
fundamental frequency are presented in Section 7.1. We refer to [7,8]
for more details on Coriolis flowmeter mode frequencies.

3.3. Forced response

We proceed according to [6].
For a forced response, the static deflection u of the modes is

amplified by a magnification factor to obtain the dynamic deflection.
The magnification factor is:

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

β
Ω
ω

γ Ω
ω

= 1

1 − +
2

,i

i

i

i

2

2

2

(33)

where γ =i
Ω

ω Q2 i
is the damping ratio and Q is the quality factor, see

Section 5.
Initially, we consider an undamped system (γ = 0) where the

angular forcing frequency Ω is different from the angular mode
frequencies ωi.

As examples we treat 100 Hz and 2000 Hz forcing frequencies
without a fluid inside. We consider the steady-state forced response
and disregard the transient free response. The magnification factors
are:

• β Ω π( /2 = 100[Hz]) = 1.001 .

• β Ω π( /2 = 2000[Hz]) = 8.031 .

The deflection for 100 Hz is almost the same as in Fig. 1, see the
left-hand plot in Fig. 3.

From Fig. 3 we also note that the deflection of modes 2–5 is small
compared to mode 1. In the remainder of this paper, we only treat the
fundamental mode.

4. Energy considerations

4.1. Tube energy

From Eq. (8) we find that the maximum tube (container) velocity is:

v Re v Ωu= max( ( )) =c c,max (34)

The total tube energy is:

⎡
⎣⎢

⎤
⎦⎥

∫ ∫
E M

L
v x M Ω

u x x

L
M Ω u

M Ω P L
E I

=
2

d = 1
2

×
( ) d

= 1
2

×

= 1
2

× 13
560

×
48

L

c

L

tube
tube

0
,max
2

tube
2 0

2

tube
2 2

tube
2

2 6

2 2 2 (35)
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Fig. 1. Static deflection curve for steel tube example.
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Fig. 2. Mode shapes of the first five modes for steel tube example.
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4.2. Fluid energy

The fluid is assumed to move with the tube, so the fluid energy can
be found simply by replacing Mtube with Mf in Eq. (35):

E M Ω u= ×f f
1
2

2 2
(36)

4.3. Particle energy

The particle motion is decoupled from the common motion of the
tube and the fluid. The particle velocity is derived in [1] to be:

v v F=p c (37)

Using Eq. (8) we can write the real part of the particle velocity:

⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

Re v Ωu Ωt Re F Ωt Im F Ωu Re F Im F

Ωt Re F
Im F

Ωu Re F Im F

Ωt π Re F
Im F

Ωu B Ωt ϕ

( ) = − [sin( ) ( ) + cos( ) ( )] = − ( ) + ( )

cos − arctan ( )
( )

= − ( ) + ( )

sin + /2 − arctan ( )
( )

= − × sin( + ),

p
2 2

2 2

(38)

where

B Re F Im F= ( ) + ( )2 2 (39)

is the decoupling ratio [4] and

⎛
⎝⎜

⎞
⎠⎟ϕ π Re F

Im F
= /2 − arctan ( )

( ) (40)

is the phase shift.
The real part of the particle velocity has a maximum of:

v Re v Ωu B= max( ( )) = ×p p,max (41)

Therefore the total particle energy is:

∫
∫

E
M
L

v x M Ω
u x x

L
B M Ω u B=

2
d = 1

2
×

( ) d
× = 1

2
× ×p

p L

p p

L

p
0

,max
2 2 0

2
2 2 2 2

(42)

4.4. Total energy

The total energy is the sum of the tube, fluid and particle energy:

E Ω u M M M B Ω u M= 1
2

× × [ + + × ] = 1
2

× ×f ptotal
2 2

tube
2 2 2

eff (43)

5. Quality factor

The quality factor Q is defined as:

Q π E
W

= 2 ,total
(44)

where Etotal is defined in Eq. (43).

5.1. Structural damping

According to [6], we model structural damping as an equivalent
viscous damping. The work dissipated per cycle by the damping force
is:

W πcΩu= ,tube
2 (45)

where c is the damping constant.
The quality factor of the tube is:

Q π E
W

π
M Ω

πcΩ
M Ω

c
= 2 = 2 =tube

total

tube

1
2 eff

2
eff

(46)

The power dissipated per cycle by the damping force is:

P Ω
π

W Ω E
Q

=
2

=tube tube
total

tube (47)

5.1.1. Steel tube example
To find the damping constant c for our case, we assume that (i)

Q = 10tube
4 for pure water and (ii) c is independent of the mixture

properties:

c M Ω
Q

M M Ω
Q

= =
( + )feff

tube

tube

tube (48)

Inserting numbers for pure water and using Ω ω= f p– we arrive at:

c = (0.1295 kg + 0.0784 kg) × 1.06 × 10 s
10

= 0.22 kg/s
4 −1

4 (49)
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Fig. 3. Deflection curves for steel tube example. Left: Ω π/2 = 100 Hz and right: Ω π/2 = 2000 Hz.

N.T. Basse Flow Measurement and Instrumentation 52 (2016) 40–52

43



5.2. Damping due to decoupling

Using Wp from Eq. (15), we find that the quality factor due to
decoupling is:

Q π E
W

π
M Ω

π ρ ρ αV Ω Im F
M

ρ ρ αV Im F
= 2 = 2

1
2

( − ) ( )
=

( − ) ( )p
p f p f p f p f p

total
eff

2

–
2

eff

–

(50)

5.3. Total damping

Assuming that the only damping in our system is structural
damping and damping due to decoupling, the total work per cycle is
given by:

W W W u πcΩ π ρ ρ αV Ω Im F= + = × ( + ( − ) ( ))p f p f ptotal tube
2

–
2

(51)

The corresponding total quality factor is:

Q π E
W

M Ω
cΩ ρ ρ αV Ω Im F
M

c
Ω

ρ ρ αV Im F

= 2 =
+ ( − ) ( )

=
+ ( − ) ( )

f p f p

f p f p

total
total

total

eff
2

–
2

eff

– (52)

Note that c
Ω
in the denominator of Eq. (52) can also be expressed as

M
Q

eff
tube

, see Eq. (46).

6. Combined expressions

The driver angular frequency is set equal to the fundamental
angular frequency from Eq. (32):

Ω ω= f p– (53)

Using this assumption, Eq. (33) yields:

β Ω ω ω Q( = = ) =f p1 1 – total (54)

We modify Eq. (20) to include Qtotal:

u u Q P L
E I

Q→ × = 13
560

×
48

×2 2
total
2

2 6

2 2 2 total
2

(55)

Using Eqs. (15), (16) and (43), we can derive the full expressions
for the work and the dissipated power per cycle and the total energy as
follows:

W π ρ ρ αV Ω Im F u π ρ ρ αV Ω Im F

P L
E I

Q

= ( − ) ( ) = ( − ) ( ) × 13
560

×

48
×

p f p f p f p f p–
2 2

–
2

2 6

2 2 2 total
2

(56)

P ρ ρ αV Ω Im F u ρ ρ αV Ω Im F

P L
E I

Q

= 1
2

( − ) ( ) = 1
2

( − ) ( ) × 13
560

×

48
×

p f p f p f p f p–
3 2

–
3

2 6

2 2 2 total
2

(57)

E M Ω P L
E I

Q= 1
2

× 13
560

×
48

×total eff
2

2 6

2 2 2 total
2

(58)

7. Results

In this section, we analyse our particle examples of air, sand and oil.
For all cases, the fluid is water.

In Section 7.1, we compare the three mixtures and in Section 7.2,
we treat the individual mixtures.

The reaction force coefficient F depends on the particle size through
the Stokes number:

Stk a
ω ρ

μ
a

ω
ν

=
2

=
2

,
f p f

f

f p

f

– –

(59)

where νf is the kinematic viscosity, which is1.004 × 10−6 m2/s for water
at room temperature. For water with 1% air, the maximum
Im F( ) = 0.81 is found for Stk=2.6, see Fig. 5. Stk only varies slightly
with α, see the left-hand plot in Fig. 9.

7.1. Comparison of mixtures

For the comparison of mixtures, we analyse two cases: (i) fixed α
and changing particle radii and (ii) fixed particle radius and changing
α. Corresponding driver frequencies are shown in Fig. 4. When α
changes to 10% then the frequency changes by up to about 6%.

7.1.1. Fixed α, changing particle radius
In this section, α = 1%, and the particle radii vary from 10 μm to

1 mm.
Stk and Im(F) are shown in Fig. 5. Stk increases linearly with

particle radius. Im(F) has a maximum (minimum) below 50 μm;
however, the exact peak/trough particle radius changes depending on
the particular mixture.

The Q (Qtotal from Eq. (52)) is shown in Fig. 6. The lowest Q
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Fig. 4. Driver frequency for mixtures. Left: fixed α and right: fixed particle radius.
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observed for the air–water mixture is about 300. For the sand–water
mixture the minimum Q is 1500. Q does not significantly decrease for
the oil–water mixture.

The work and power per cycle are shown in Fig. 7. Maximum work
is found for different particle radii for the mixtures and is of the order
10−9 J. The corresponding power maxima are at about 10−6 W.

The mean deflection of the tube and the total energy are shown in
Fig. 8. The damping – especially for air and sand – leads to a significant
decrease of the deflection for our fixed driver force. This is reflected in
the low total energy.

7.1.2. Fixed particle radius, changing α
In this section, the particle radius a = 0.1 mm and α varies from

0.1% to 10%.
Stk and Im(F) are shown in Fig. 9. Stk is almost constant since it

only changes with the square root of the driver frequency. Im(F) is also
almost constant.

Q is shown in Fig. 10. The lowest Q is observed for the air–water
mixture. Where damping due to decoupling dominates over structural
damping, Q is inversely proportional to α.

The work and power per cycle are shown in Fig. 11. Maximum work
is found for different particle radii for the mixtures and is of the order

10−9 J. The corresponding power maxima are at about 10−6 W.
The mean deflection of the tube and the total energy are shown in

Fig. 12. The damping – especially for air and sand – leads to a
significant decrease of the deflection for our fixed driver force. This is
reflected in the low total energy.

7.2. Individual mixtures

In this section we present results for the individual mixtures. This is
to obtain the complete overview of the behaviour over the range of α
and the particle sizes being considered.

7.2.1. Air–water mixture
The work per cycle for the air–water mixture is shown in Fig. 13.

The work is the highest for large particle radii.
The natural logarithm of Q is shown in Fig. 14. We use the natural

logarithm to make the plot clearer. The minimum Q is found for
particle radii below 0.1 mm, independent of α.

7.2.2. Oil–water mixture
The work per cycle for the oil–water mixture is shown in Fig. 15.

The work is the highest for small particle radii.
The natural logarithm of Q is shown in Fig. 16. The minimum Q is

found for particle radii below 0.1 mm, independent of α.

7.2.3. Sand–water mixture
The work per cycle for the sand–water mixture is shown in Fig. 17.

The work is the highest for large particle radii.
The natural logarithm of Q is shown in Fig. 18. The minimum Q is

found for particle radii below 0.1 mm, independent of α.

8. Discussion

8.1. Driver force design guide

In this paper we have used a fixed force P. This leads to a changing
tube deflection for different Qtotal. To make this clear, we modify Eq.
(19) to include Qtotal:

u u Q PL
EI

Q→ × =
384

×total
3

total (60)

Vice versa, if we want to have a fixed mean deflection, then the force
P changes. For example, if we require a fixed deflection amplitude
u = 0.5 μmfixed , then the force needed is:
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P u EI
L Q

= × 384
×dynamic fixed 3

total (61)

We show the force required for the cases of fixed α and fixed
particle radius in Fig. 19. For the air–water mixture, the maximum
force needed is 0.1 N.

To obtain a complete overview of the force required for an air–
water mixture, a contour plot is shown in Fig. 20. A maximum force of
0.28 N is found for 10% air with a particle size of around 40 μm.

8.2. Thermal effects

Our analytical expressions allow estimates to be made for tempera-
tures other than room temperature.

As an example, we assume that the temperature of an air–water
mixture and the tube is 80 °C (high temperature) instead of room
temperature. The tube is allowed to expand freely in the longitudinal
direction.

The steel tube material data is modified from the values in Section
3.1.1 to:

• E=195 GPa.

• ρ = 7820 kg/mtube
3.

The original material parameters used for air and water at room
temperature can be found in Table 2 in [2]. These are modified to the
values in Table 1.

The natural logarithm of Q is shown in Fig. 21. The left-hand plot is
for damping at room temperature and the right-hand plot is for
damping at the high temperature. Q is somewhat higher for the high
temperature case. As a consequence, we can state that the high
temperature damping is somewhat lower than the room temperature
damping.

8.3. Comparison to measurements

Presenting the theory of damping due to two-phase flow, it is very
interesting to compare the results to measurements. We have not found
two-phase damping measurements for Coriolis flowmeters; however,
measurements to study two-phase flow damping in steam generators
are available [9]. Below, we make a qualitative comparison between
these measurements and the bubble theory.

The measurements were made using air–water mixtures. Here, the
volumetric particle fraction α is also known as the gas-void fraction
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(GVF). The theory is applicable for a GVF below 10%.

8.3.1. Scaling of the quality factor with GVF
In [9], the damping ratio ζ is treated instead of the quality factor:

ζ
Q

= 1
2 (62)

Using Qtotal from Eq. (52), we can re-write this as:

ζ

c
Ω

ρ ρ αV Im F

M
=

+ ( − ) ( )

2

f p f p–

eff (63)

From Eq. (63) we see that the theory implies that ζ increases
linearly with α. This agrees with measurements in [9].

8.3.2. Relative motion of fluid and particles
The bubble theory provides detailed information on the relative

motion of the fluid and the particles. The starting point is the real and
imaginary part of F; this is shown in Fig. 22.

We can use F to calculate B and ϕ defined in Eqs. (39) and (40), see
Fig. 23.

The decoupling ratio B is a measure of the amplitude of the particle
motion relative to the fluid; a number greater (less) than one means
that the particle oscillates with larger (smaller) amplitude than the
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Fig. 13. Air–water mixture: Wp vs. particle radius and α.

Fig. 14. Air–water mixture: ln Q( ) vs. particle radius and α.

Fig. 15. Oil–water mixture: Wp vs. particle radius and α.

Fig. 16. Oil–water mixture: ln Q( ) vs. particle radius and α.
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fluid, respectively. For an air–water mixture, the amplitude of the air
oscillation will be larger than the amplitude of the water oscillation. In
[9], the provided frequency (ω = 33.75 sf p–

−1) and bubble radius
(a = 1.2 mm) leads to a Stk of about 5; however, B for this value (2.8)
is much larger than what is observed in [9] (1.2).

The phase shift ϕ provides information on the relative motion of
particles and the fluid: A positive (negative) ϕ means that the particles
are leading (lagging) the fluid, respectively. The magnitude of ϕ is a
measure of the amount of decoupling. From [9], we estimate ϕ to be
roughly 20°. From the theory, we would expect a phase shift of 10°.

Based on these results, we suggest one possible explanation for the
discrepancy between theory and measurements. If Stk is 1 instead of 5,

Fig. 17. Sand–water mixture: Wp vs. particle radius and α.

Fig. 18. Sand–water mixture: ln Q( ) vs. particle radius and α.
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Fig. 20. Air–water mixture: driver force vs. particle radius and α.

Table 1
Material properties at 80 °C. The speed of sound cs is provided for reference, it is not
used.

Material ρ (kg/m3) μ (kg/ms) cs (m/s)

Air 1 2.1 × 10−5 377

Water 972 0.36 × 10−3 1554
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the theory would agree with the measurements. Such a reduction of Stk
would imply that the bubble radius is five times smaller than stated in
[9], i.e. around 0.2 mm.

8.3.3. Flow speed and driver force
The bubble theory assumes that the particles are non-interacting

and homogeneously dispersed throughout the fluid. Thus, we expect
best agreement with measurements for high flow speed. However,
there is no explicit flow speed dependency in the bubble theory. For a
GVF below 10%, the measurements do not show a significant depen-
dency on flow speed. This is in line with the theory.

For a GVF below 10%, it is shown in [9] that the damping is
independent of the magnitude of the applied force. This can also be
seen from Eq. (63) which does not include P.

9. Conclusions

In this paper we have derived the work and power per cycle from
damping due to decoupling based on the bubble theory. The expres-

sions can be implemented from this paper combined with the
information in [2].

We have presented three examples where water is the continuous
phase, while the dispersed phase is air, oil and sand. For the
corresponding measurement errors, see [2].

We have included a simple structural model to provide realistic
results.

Quality factors are calculated based on two damping contributions:
(i) structural damping and (ii) damping due to decoupling.

Two applications of the work are presented: a design guide to
calculate the driver force required for varying damping and a compar-
ison of damping due to changes of the mixture and tube temperature.
Finally, the bubble theory is compared to measurements: qualitatively,
they agree.
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Fig. 21. Air–water mixture: ln Q( ) vs. particle radius and α. Left: room temperature and right: 80 °C.
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Appendix A. Heating of mixture

We assume that no heat is transferred from the mixture to other parts of the system, e.g. the tube wall. For very low flow speed, this assumption
will no longer hold.

A.1. General formula

The temperature increase of the mixture is:

T
E

c M c M
Δ =

+
,f p

f p

f f p p
–

–

(A.1)

where cf and cp are specific heat capacities and Ef–p is the total energy being transferred into the mixture during N cycles:
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Table A1
Specific heat capacities at room temperature.

Material Specific heat capacity (J/kg K)

Water 4182
Air 1005
Oil 2000
Sand 700
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E W N= ×f p p– (A.2)

The cycle time is:

t π
ω

= 2
c

f p– (A.3)

We consider a mixture moving with a mean flow speed vm. The mixture will stay inside the flowmeter for a certain amount of time:

t L
v

Δ =
m (A.4)

The number of cycles is the total time tΔ divided by the cycle time:

N t
t

L
v

ω
π

= Δ = ×
2c m

f p–

(A.5)

Combining Eqs. (A.1), (A.2) and (A.5) we can write:

T
W Lω

πv c M c M
Δ =

2 ( + )f p
p f p

m f f p p
–

–

(A.6)

A.2. Examples

We use a mean flow speed vm=1 m/s.
The specific heat capacities used are in Table A1. Note that the specific heat capacities for oil and sand are approximations.
Results are shown for fixed α and fixed particle radius in Fig. A1. The maximum mixture temperature increase is of the order 10−9 K, i.e. minute.
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