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On the analogy between the bias flow aperture theory and the Coriolis 
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A B S T R A C T   

Two different physical phenomena, described by the bias flow aperture theory and the Coriolis flowmeter 
“bubble theory”, are compared. The bubble theory is simplified and analogies with the bias flow aperture theory 
are appraised.   

1. Introduction 

In this paper, two phenomena which originate in different fields are 
treated: 

The first phenomenon is acoustics of a bias flow aperture, where 
vortices are generated at the aperture edge. These vortices can (i) block 
the aperture and (ii) absorb acoustic energy. The linear theory was 
presented in Refs. [1,2] and (small) corrections due to nonlinearity were 
treated in Ref. [3]. The findings can be applied to e.g. sound attenuation 
in wind tunnel guiding vanes. 

The second phenomenon is the reaction force on an oscillating fluid- 
filled container due to entrained particles [4]. This linear theory was 
motivated by the need to model two-phase flow in Coriolis flowmeters 
and is known as the “bubble theory”. The bubble theory has been used to 
model both (i) measurement errors [5] and (ii) damping [6] experienced 
by Coriolis flowmetering of two-phase flow. 

Theories for the two phenomena have been independently derived, 
the bubble theory about 25 years after the bias flow aperture theory. 
There are similarities between the two theories, and in this paper it will 
be studied how far this analogy can be taken. 

In earlier work, two other physical phenomena have been identified 
which can be analysed by use of the bubble theory:  

� Two-phase flow damping in steam generators [6].  
� Sound propagation in suspensions [7]. 

The paper is organised as follows: In Section 2, the bias flow aperture 
theory is briefly summarised. This is followed by a similar overview of 
the bubble theory in Section 3. First observed similarities between the 
two theories are introduced in Section 4 along with simplifications of the 

bubble theory. The physical understanding which results is discussed in 
Section 5. Finally, conclusions are placed in Section 6. 

2. The bias flow aperture theory 

2.1. Linear theory 

The bias flow aperture theory treats single-phase, low Mach number 
(incompressible) flow through a circular aperture in a rigid, thin plate 
[1,2]. High Reynolds number (Re) flow is considered, so viscosity is only 
important at the rim of the aperture. Flow through the aperture creates a 
jet and vortex shedding from the aperture rim. The vortices lead to 
acoustic damping, since they absorb acoustic energy and are swept 
downstream by the jet. The vortices also lead to partial blockage of the 
flow; both damping and blockage can be characterised using the Ray
leigh conductivity KR of aperture: 

KR¼
� iωρ0Q
ðpþ � p� Þ

; (1)  

where ω is the harmonic variation of the pressure difference between the 
high- (pþ) and low- (p� ) pressure sides of the aperture, ρ0 is the mean 
density and Q is the volume flux. As is the case for the pressure differ
ence, the volume flux will also have a time variation e� iωt , where t is 
time. The mean jet velocity in the plane of the aperture is U and the 
aperture radius is R. The Rayleigh conductivity can be written as a 
complex number: 

KR¼ 2RðΓ � iΔÞ; (2)  

where: 
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Γ � iΔ¼ 1þ
ðπ=2ÞI1ðκRÞe� κR � iK1ðκRÞsinhðκRÞ

κR½ðπ=2ÞI1ðκRÞe� κR þ iK1ðκRÞcoshðκRÞ�
; (3)  

where I1 and K1 are modified Bessel functions and κ � ω= U > 0, see 
Fig. 1. The Strouhal number is 

κR¼ωR=U (4) 

Asymptotic approximations of the normalised Rayleigh conductivity 
KR=2R are also shown in Fig. 1. 

Small Strouhal number approximations (real part: Applicable for 
κR � 0:04, imaginary part: Applicable for κR < 0:5): 

ReðKR = 2RÞ¼Γ �
1
3
ðκRÞ2 (5)  

ImðKR = 2RÞ¼ � Δ� �
π
4

κR (6) 

Large Strouhal number approximations (applicable for κR > 5): 

ReðKR = 2RÞ¼Γ � 1 (7)  

ImðKR = 2RÞ¼ � Δ� �
1

κR
(8)  

2.2. Nonlinear modelling and approximations 

2.2.1. Thin wall 
It has been found that both linear and nonlinear regimes for bias 

aperture flow can be approximated by Ref. [3]: 

KR¼ 2R
�

ωR=U
ωR=U þ 2i=πσ2

�

; (9)  

where the contraction ratio of the jet σ � 0:75. The contraction ratio is 
the ratio of the jet area A at the vena contracta to the aperture area: 

σ¼ A

πR2 (10) 

The minimum theoretical value of σ is 1=2 [1]. Eq. (9) can also be 
written: 

KR

�

2R ¼
ωR=U

ωR=U þ 2i=πσ2 (11)  

2.2.2. Wall of finite thickness 
In case the aperture wall has a finite thickness, the Rayleigh con

ductivity can be expressed as: 

KR¼
K0ðωℓ=UÞ
ðωℓ=UÞ þ i=σ2; (12)  

where K0 ¼
πR2

ℓ , ℓ ¼ πR=2þ ℓw, where ℓw is the wall thickness. Eq. (12) 
can be modified to an equation for the normalised Rayleigh 
conductivity: 

KR

�

2R¼
�

πR
2ℓ

��
ωℓ=U

ωℓ=U þ i=σ2

�

(13)  

3. The Coriolis flowmeter bubble theory 

The Coriolis flowmeter bubble theory was first presented in Ref. [4]. 
It is a linear theory for an incompressible, low Reynolds number flow. 
The force on a fluid-filled, oscillating container due to entrained parti
cles is calculated. The particles can either be solid or consist of a fluid. 
The motion of the container leads to decoupled motion of the fluid and 
the particles, which leads to both (i) measurement errors and (ii) 
damping of Coriolis flowmeters. These effects have been studied in Refs. 
[5,6], respectively. The entrained particles mean that a two-phase flow 
is considered by the theory. The force on the container is given by: 

Ff ;z¼
�
ρf � ρp

�
VpacF; (14)  

where ρf is the fluid (f) density, ρp is the particle (p) density, Vp is the 
particle volume, ac is the container acceleration, z is the acceleration 
direction and F is the reaction force coefficient: 

F¼ 1þ
4ð1 � τÞ

4τ � ð9iG=β2Þ
(15) 

The real part of F is a virtual mass loss and the imaginary part of F 
represents damping which acts against the vibrating force. This is 
exemplified for three mixtures in Fig. 2. More details on the material 
properties used for the mixtures are available in Ref. [5]. 

The density ratio is 

τ¼
ρp

ρf
(16) 

The Stokes number is 

β¼
a
δ
¼ a

ffiffiffiffiffiffiffiffi
ωρf

2μf

s

; (17)  

where a is the particle radius, ω is the oscillation frequency of the 
container and μf is the dynamic viscosity of the fluid. 

The quantities below are defined in Ref. [8]: 

G¼ 1þ λþ
λ2

9
�

ð1þ λÞ2f ðλÞ
κ½λ3 � λ2tanhλ � 2f ðλÞ� þ ðλþ 3Þf ðλÞ

; (18)  

where 

λ¼ð1þ iÞβ (19)  

and 

f ðλÞ¼ λ2tanhλ � 3λþ 3tanhλ (20) 

The viscosity ratio is 

κ¼
μp

μf
(21) 

G is “proportional to the drag force on a spherical particle under
going harmonic motion in a surrounding (stagnant) liquid” [4] (fluid): 

FD¼ � up
�
6πμf aG

�
; (22)  

where up is the particle velocity. Note that if G ¼ 1, the drag force reFig. 1. Real and imaginary part of the normalised Rayleigh conductivity.  
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duces to the Stokes drag: 

FD;Stokes ¼ � up
�
6πμf a

�
(23)  

4. Analogies 

4.1. Initial observed similarities 

The similarity between the normalised Rayleigh conductivity and the 
reaction force coefficient (minus 1) was most apparent for the case 
where the bubble theory is used for air bubbles in a water-filled 
container, see Fig. 3. The curve shapes are similar, both when 
comparing real and imaginary parts. 

The physical phenomena are different, but have common features 
such as a characteristic angular frequency ω, which is either the varia
tion of the pressure difference across the aperture or the container 
oscillation. A characteristic size for both phenomena is also apparent, 
the aperture radius R and the particle radius a. These observations are 
combined in that the Strouhal (Stokes) number is proportional to ωR 
(a

ffiffiffiffi
ω
p

), respectively. 
These first observations provided a motivation to take a new look at 

the bubble theory to see how it could be re-cast in a shape which would 
provide more information on the common features of the two theories. 

4.2. The bubble theory: reformulation and asymptotic approximations 

Work on the bubble theory begins by reformulating Eq. (15) to being 
an equation for the reaction force coefficient minus 1: 

F � 1¼
4ð1 � τÞβ2

4τβ2 � 9iG
¼

�
4ð1 � τÞ

4τ

��
β2

β2 � i9G=4τ

�

(24) 

This structure is similar to Eqs. (11) and (13); that will be discussed 

in more detail in Section 5. Note the opposite sign of the complex part in 
the denominator; it originates from the negative sign of the complex part 
in the Rayleigh conductivity definition. 

The main difference from the aperture flow is that G is generally a 
complex number which varies with β (and κ for small κ), see Fig. 4. For 
τ ¼ 1, i.e. equal fluid and particle density, F ¼ 1. 

Based on Fig. 4, the following statements on G can be made:  

� G is a real number for β ¼ 0  
� Large β: Im ðGÞ > ReðGÞ
� ReðGÞ: Small for air, larger (and almost identical) for oil and sand  
� ImðGÞ: All three comparable, although the magnitude for air is 

somewhat less than for oil and sand 

The real and imaginary parts of G can now be written explicitly: 

F � 1¼
�

4ð1 � τÞ
4τ

��
β2

β2 þ ð9=4τÞImðGÞ � ið9=4τÞReðGÞ

�

(25)  

¼
4ð1 � τÞβ2

½4τβ2 þ 9ImðGÞ
�
� i½9ReðGÞ�

¼ 4ð1 � τÞβ2 �
½4τβ2 þ 9ImðGÞ

�
þ i½9ReðGÞ�

�
4τβ2 þ 9ImðGÞ

�2
þ ð9ReðGÞÞ2

;

(26)  

which can be used to write explicit equations for the real and imaginary 
parts of F � 1: 

ReðF � 1Þ¼ 4ð1 � τÞβ2 �
4τβ2 þ 9ImðGÞ

ð4τβ2 þ 9ImðGÞÞ2 þ ð9ReðGÞÞ2
(27)  

ImðF � 1Þ¼ 4ð1 � τÞβ2 �
9ReðGÞ

ð4τβ2 þ 9ImðGÞÞ2 þ ð9ReðGÞÞ2
(28) 

Fig. 2. Reaction force coefficients for three mixtures, left: Real part, right: Imaginary part.  

Fig. 3. Normalised Rayleigh conductivity and F � 1 for an air-water mixture, left: Real part, right: Imaginary part.  
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Below, G and F � 1 will be considered for small and large β sepa
rately; both cases can be split in two as indicated in Fig. 4:  

� Small but non-zero κ: Air  
� Large κ: Oil and sand 

4.2.1. Small Stokes number 
A small Stokes number β means a small λ, see Eq. (19). This means 

that the approximation that tanhλ � λ can be made. For G, terms which 
are either (i) constant or (ii) linear in λ are kept, so Eq. (18) becomes: 

G � 1þ λþ
λ2

9
�
ð1þ λÞ2

3 � 2κ þ λ

�
2ðλþ 1Þð1 � κÞ

3 � 2κ þ λ
;

(29)  

with real and imaginary parts: 

ReðGÞ �
4ð1 � κÞβ2 þ 4ð1 � κÞð2 � κÞβ þ 2ð1 � κÞð3 � 2κÞ

2β2 þ 2ð3 � 2κÞβ þ ð3 � 2κÞ2
(30)  

ImðGÞ �
4ð1 � κÞ2β

2β2 þ 2ð3 � 2κÞβ þ ð3 � 2κÞ2
(31)  

4.2.1.1. Air. For small κ, Eqs. (30) and (31) reduce to: 

ReðGÞ�
4β2 þ 8βþ 6
2β2 þ 6βþ 9

�
8
9

β þ
2
3

(32)  

ImðGÞ�
4β

2β2 þ 6βþ 9
�

4
9

β (33) 

For air, τ≪1 - combining this with Eqs. (27–28) and (32–33), results 
in: 

ReðF � 1Þ �
4
9
β3 (34)  

ImðF � 1Þ �
2
3
β2 (35)  

4.2.1.2. Oil and sand. For large κ, Eqs. (30) and (31) reduce to: 

ReðGÞ�
� 4κβ2 þ 4κ2βþ 4κ2

2β2 � 4κβþ 4κ2
� β þ 1 (36)  

ImðGÞ�
4κ2β

2β2 � 4κβþ 4κ2
� β (37) 

For oil and sand, τ � 1 - combining this with Eqs. (27–28) and 
(36–37), results in: 

ReðF � 1Þ �
4
9
ð1 � τÞβ3 (38)  

ImðF � 1Þ �
4
9
ð1 � τÞβ2 (39)  

4.2.1.3. Scaling behaviour. Comparing the found scaling of F � 1 with β, 
it is concluded that:  

� Scaling of real part of KR=2R and F � 1: ðκRÞ2∝β3  

� Scaling of imaginary part of KR=2R and F � 1: κR∝β2 

4.2.2. Large Stokes number 
Now the large Stokes number β case is treated, where λ is corre

spondingly large, so tanhλ � 1. Now, the higher-order terms which are 
either (i) cubic or (ii) quartic in λ are kept, so G simplifies to: 

G � 1þ λþ
λ2

9
�

λ � 1
1þ κ

¼
2þ κ
1þ κ

þ
� κ

1þ κ

�
λþ

λ2

9
;

(40)  

with real and imaginary parts: 

ReðGÞ�
� κ

1þ κ

�
β þ

2þ κ
1þ κ

(41)  

ImðGÞ�
2
9
β2 þ

� κ
1þ κ

�
β (42)  

4.2.2.1. Air. For small κ, Eqs. (41) and (42) reduce to: 

ReðGÞ� κβþ 2 (43)  

ImðGÞ�
2
9
β2 þ κβ (44) 

For air, τ≪1 - combining this with Eqs. (27–28) and (43–44), results 
in: 

ReðF � 1Þ � 2 (45)  

ImðF � 1Þ �
9ðκβþ 2Þ

β2 (46)  

4.2.2.2. Oil and sand. For large κ, Eqs. (41) and (42) reduce to: 

ReðGÞ� βþ 1 (47)  

ImðGÞ�
2
9
β2 þ β (48) 

For oil and sand, τ � 1 - combining this with Eqs. (27-28) and (47- 

Fig. 4. G for three mixtures, left: Real part, right: Imaginary part.  
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48), results in: 

ReðF � 1Þ �
4ð1 � τÞ
4τ þ 2

(49)  

ImðF � 1Þ �
36ð1 � τÞ
βð4τ þ 2Þ2

(50)  

4.2.2.3. Scaling behaviour. Comparing the found scaling of F� 1 with β, 
it is concluded that:  

� Scaling of real part of KR=2R and F � 1: Both constant  
� Scaling of imaginary part of KR=2R and F � 1: 1= ðκRÞ∝ 1= β 

4.3. Simplifications of the bubble theory 

From the approximations made in Section 4.2, composite expressions 
for the real and imaginary parts of G, valid for all β, can be defined. 

4.3.1. Air 
For small κ: 

ReðGÞ�
4β2 þ 8βþ 6
2β2 þ 6βþ 9

þ κβ (51)  

ImðGÞ�
4β

2β2 þ 6βþ 9
þ

2
9
β2 þ κβ; (52)  

where the further approximation τ≪1 (air) leads to: 

F � 1 �
4β2

2β2 þ 9
�

4β
2β2þ6βþ9þ κβ

�

� i9
�

4β2þ8βþ6
2β2þ6βþ9þ κβ

� (53)  

4.3.2. Oil and sand 
In a similar fashion, for large κ: 

ReðGÞ� βþ 1 (54)  

ImðGÞ�
2
9
β2 þ β; (55)  

where the further assumption τ � 1 (oil/sand) brings us to: 

F � 1 �
4ð1 � τÞβ2

ð4τ þ 2Þβ2 þ 9β � i9ðβþ 1Þ
(56)  

4.3.3. F-1: approximation versus exact expression 
The approximations of F � 1 from Eqs. (53) and (56) compared to the 

exact F � 1 are plotted in Figs. 5–7: The approximations are very close to 
the exact values. Also shown are the asymptotic approximations from 
Section 4.2. Note that the asymptotic approximations for small β are 

valid for β < 0:1. 

5. Discussion 

5.1. Comparison of the two phenomena 

5.1.1. Structure 
As mentioned at the beginning of Section 4.2, the structure of the 

normalised Rayleigh conductivity and the reaction force coefficient 
(minus 1) is similar. This is summarised in Table 1. From the table it is 
observed that the Strouhal number κR is proportional to the squared 
Stokes number β2, but from the asymptotic formulae these scalings have 
been found:  

� Small β, real part: κR∝β3=2  

� Small β, imaginary part: κR∝β2  

� Large β, real part: No scaling with κR and β  
� Large β, imaginary part: κR∝β 

The scaling κR∝β is more likely if the length scales R and a are 
dominating, while the scaling κR∝β2 matches the angular frequency ω, 
see Eqs. (4) and (17). 

The F � 1 structure is equal to the normalised Rayleigh conductivity 
if G is a real number. This is not the case in general, but it does occur for 
β ¼ 0, see Eqs. (32) and (36). 

Generalising Stokes law (Eq. (23)) for low Reynolds number to 
include viscosity in the particle [2]: 

FD;low ​ Re¼ � up
�
4½C�πμf a

�
¼ � up

�

4
� 2μf þ 3μp

2
�
μf þ μp

�

�

πμf a
�

(57)  

5.1.1.1. Air. From Eq. (32), G ¼ 2=3 for β ¼ 0. If κ ¼ μp=μf ≪1: 

C¼
2μf þ 3μp

2
�
μf þ μp

�¼ 1; (58)  

leading to: 

FD;low ​ Re¼ � up
�
4πμf a

�
(59)  

5.1.1.2. Oil and sand. From Eq. (36), G ¼ 1 for β ¼ 0. If κ ¼ μp=μf ≫1: 

C¼
2μf þ 3μp

2
�
μf þ μp

�¼ 3
�

2; (60)  

which leads to the Stokes equation: 

FD;low ​ Re¼ � up
�
6πμf a

�
(61) 

Thus, for F � 1 to match the normalised Rayleigh conductivity, the 
drag term has to be equal (or proportional) to the Stokes drag. 

Fig. 5. F � 1 for an air-water mixture, left: Real part, right: Imaginary part.  
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5.1.2. Physical picture 
The two physical phenomena are discussed, and how the charac

teristic quantities can be seen as corresponding to each other. 
It should be kept in mind that there are significant differences as 

well, e.g that the bias flow aperture theory is for a single-phase high 
Reynolds number flow and the bubble theory is for a two-phase flow at 
low Reynolds numbers. However, one could think of the bias aperture 
flow as also consisting of two “phases”, where one is the mean flow and 
the other is the vortices. 

For the aperture theory, vortex shedding leads to blockage and 
acoustic damping - for the bubble theory, drag induced by the oscillating 
container leads to decoupled motion of particles and fluid, which in turn 
leads to measurement errors and damping. 

For bias aperture flow, an oscillating pressure across the aperture 
leads to vortex shedding from the aperture rim with the same frequency. 
For the bubble theory, the oscillation of the container leads to the 
decoupled motion of the particles from the fluid. 

In both cases, a mean flow has to exist for the physical effect to take 
place; for the aperture theory, the mean flow is parallel to the oscilla
tion, whereas the flow for the bubble theory is perpendicular to the 
oscillation. 

The characteristic scale for the aperture is the radius, for the bubble 
theory it is the particle radius. 

For aperture flow, a jet is formed downstream, which encompasses 
the vorticity and sweeps it away. One might speculate that the analogy 
for the bubble theory may be the wakes of the particles when they 
execute their decoupled motion. So the contraction ratio (Eq. (10)) may 
have an equivalent “wake ratio” for the bubble theory: 

Σ¼
W

πa2; (62)  

where W is the minimum wake area. However, since the bubble theory 
is derived for low Reynolds number, the wake picture may not be pre
cise. The particles may interact with their own wakes which presents an 
additional complication. 

5.1.3. How to match the bubble theory to the aperture theory 
A small exercise to determine the bubble theory parameters needed 

to match F � 1 to the normalised Rayleigh conductivity (Eq. (11)) is 
carried out. 

From Table 1, first the required τ is found: 

1¼
4ð1 � τÞ

4τ (63)  

τ¼ 1=2 (64) 

This means that the density of the particle is half of the density of the 
fluid. Using this τ, G can be expressed using σ: 

2
πσ2¼

9G
4τ (65)  

G¼
8τ

9πσ2 (66) 

Using τ ¼ 1=2 in Eq. (66), G ¼ 0:25, which corresponds to one- 
fourth of the Stokes drag, see Eq. (23). This value of G is outside the 

Fig. 6. F � 1 for an oil-water mixture, left: Real part, right: Imaginary part.  

Fig. 7. F � 1 for a sand-water mixture, left: Real part, right: Imaginary part.  

Table 1 
Luong et al. and Hemp comparison.  

Luong et al. (thin wall) Hemp 

KR=2R  F � 1  
ωR=U  β2  

1 4ð1 � τÞ=4τ  
2=πσ2  � 9G=4τ   
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standard range, which is between 2=3 (κ≪1) and 1 (κ≫ 1). Another 
point of view would be to consider whether the contraction ratio σ might 
be smaller than 0.75. Setting G to 2=3 (1), the corresponding σ is 0.46 
(0.38), respectively. Recent simulations of a laminar viscous jet through 
an aperture do indeed show that σ decreases with decreasing Reynolds 
number [9]: For σ � 0:4, Re � 10. 

To conclude, the bubble theory matches the bias-flow aperture the
ory if:  

� β � 0  
� The particle density is half of the fluid density  
� (i) G is a real number equal to 0.25, i.e. one-fourth of the Stokes drag 

or (ii) the contraction ratio σ � 0:4 

5.2. Further simplifications of the bubble theory approximations 

The approximations of F � 1 are further simplified to arrive at ex
pressions with a constant imaginary part in denominator. 

5.2.1. Air 
Assuming large β, Eq. (53) is simplified to: 

F � 1 �
4β2

2β2 � i9ð2þ κβÞ

�
2β2

β2 � i9
;

(67)  

which means that β for maximum damping is: 

βmax ​ damping¼ 3; (68)  

see Table 2. Then the real and imaginary parts are written explicitly: 

ReðF � 1Þ �
2β4

β4 þ 92
(69)  

ImðF � 1Þ �
18β2

β4 þ 92
(70)  

5.2.2. Oil and sand 
Assuming large β, Eq. (56) is simplified to: 

F � 1 �
4ð1 � τÞβ2

ð4τ þ 2Þβ2 � i9ðβþ 1Þ

�
4ð1 � τÞ
4τ þ 2

�
β2

β2 � i9
�
ð4τ þ 2Þ

�

;

(71)  

which means that β for maximum damping is: 

βmax ​ damping¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4τ þ 2

r

; (72)  

see Table 2. Then the real and imaginary parts are written explicitly: 

ReðF � 1Þ �
4ð1 � τÞ
4τ þ 2

2

6
6
4

β4

β4 þ

�
9

4τþ2

�2

3

7
7
5 (73)  

ImðF � 1Þ �
36ð1 � τÞ
ð4τ þ 2Þ2

2

6
6
4

β2

β4 þ

�
9

4τþ2

�2

3

7
7
5 (74) 

The simplified approximations are compared to the exact cases in 
Figs. 8–10: The best agreement is found for the air-water mixture. 

5.3. Applications to Coriolis flowmetering 

The simplified approximations in Section 5.2 can be used to create 
simple Stokes-number-dependent expressions for Coriolis flowmeter 
measurement errors and damping due to two-phase flow. 

5.3.1. Measurement error 
The mass flow (E _m) and density (Ed) error due to entrained particles 

is proportional to the real part of 1 � F [5]: 

E _m¼Ed ¼
α
�
ρf � ρp

�
Reð1 � FÞ

αρp þ ð1 � αÞρf
; (75)  

where α is the volumetric particle fraction. 

5.3.2. Damping 
Damping due to entrained particles is proportional to the imaginary 

part of F [6] - the work done per cycle on the particles by the container 
is: 

Wp ¼ π
�
ρf � ρp

�
αVf � pω2u2ImðFÞ; (76)  

where Vf � p is the volume of the fluid-particle (f � p) mixture and u is the 
amplitude of the container oscillation. 

5.3.3. Air 
For an air-water mixture, the measurement error and damping are 

given by the following two equations: 

E _m¼Ed � �
α
�
ρf � ρp

�

αρp þ ð1 � αÞρf

�
2β4

β4 þ 92

�

(77)  

Wp � π
�
ρf � ρp

�
αVf � pω2u2

�
18β2

β4 þ 92

�

(78)  

5.3.4. Oil and sand 
For an oil-water or sand-water mixture, the measurement error and 

damping are given by the following two equations: 

E _m¼Ed � �
α
�
ρf � ρp

�

αρp þ ð1 � αÞρf

2

6
6
4

4ð1 � τÞ
4τ þ 2

0

B
B
@

β4

β4 þ

�
9

4τþ2

�2

1

C
C
A

3

7
7
5 (79)  

Wp � π
�
ρf � ρp

�
αVf � pω2u2

2

6
6
4

36ð1 � τÞ
ð4τ þ 2Þ2

0

B
B
@

β2

β4 þ

�
9

4τþ2

�2

1

C
C
A

3

7
7
5 (80)  

6. Conclusions 

The analogy between two theories, the bias flow aperture theory and 
the Coriolis flowmeter “bubble theory”, has been explored. Both theories 
are developed for incompressible flow, but the aperture theory is for 
single-phase, high Reynolds number flow, whereas the bubble theory is 
valid for two-phase, low Reynolds number flow. 

The aperture theory deals with oscillating pressure generating vortex 
shedding, which acts to block the flow and dampen sound; the bubble 
theory shows how particle drag in an oscillating fluid leads to decoupled 

Table 2 
Exact and simplified βmax ​ damping.  

Particle Hemp βmax damping (exact)  Hemp βmax damping (simplified)  

Air 2.6 3.0 
Oil 2.2 1.3 
Sand 1.3 0.9  
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particle motion, which in turn leads to measurement errors and damping 
in Coriolis flowmeters. 

The bubble theory has been simplified to allow a more direct com
parison to the aperture theory. The comparison is summarised in Section 
5.1. An example illustrates which conditions are necessary for the two 
theories to match. There are indications that low Reynolds number bias 
flow aperture simulations [9] correspond closer to the bubble theory 
than the high Reynolds number bias flow aperture theory. 

Simplified expressions for the bubble theory have been derived in 
analogy with the simplifications of the aperture theory presented in 
Ref. [3]. 
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