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ABSTRACT

We study the global, i.e., radially averaged, high Reynolds number (asymptotic) scaling of streamwise turbulence intensity squared defined as
I2 ¼ u2=U2, where u and U are the fluctuating and mean velocities, respectively (overbar is time averaging). The investigation is based on
the mathematical abstraction that the logarithmic region in wall turbulence extends across the entire inner and outer layers. Results are
matched to spatially integrated Princeton Superpipe measurements [Hultmark et al., “Logarithmic scaling of turbulence in smooth- and
rough-wall pipe flow,” J. Fluid Mech. 728, 376–395 (2013)]. Scaling expressions are derived both for log- and power-law functions of radius.
A transition to asymptotic scaling is found at a friction Reynolds number Res � 11 000.
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I. INTRODUCTION

We have studied the scaling of streamwise turbulence intensity
(TI) with Reynolds number in Refs. 1–3 and continue our research in
this paper. We define the square of the TI as I2 ¼ u2=U2, where u
and U are the fluctuating and mean velocities, respectively (overbar is
time averaging). Physically, the square of the TI is equal to the ratio of
the fluctuating and mean kinetic energy. The square of the normalized
fluctuating velocity is u2=U2

s , where Us is the friction velocity. In the
literature, the square of the normalized fluctuating velocity is some-
times called the TI. The square of the normalized mean velocity is
U2=U2

s .
As before, we use publicly available measurements from the

Princeton Superpipe.4,5

In previous work, we have studied the global, i.e., radially aver-
aged TI and attempted to fit the measurements to equations with two
parameters, either log- or power-laws. We have assumed that the same
scaling expression is valid for all Reynolds numbers measured.

Now, we go one step further and assume that u2=U2
s and U2=U2

s
can be expressed separately as two-parameter functions of the distance
from the wall, either as log- or power-laws. This approach provides
the parameters as a function of Reynolds number, thereby allowing us
to answer the question whether they depend on Reynolds number or

not. The log-law is based on the description in Ref. 6, and the power-
law has a functional form which is equivalent to the log-law in the
sense that

x1=a ¼ exp ðlog ðxÞ=aÞ ’ 1þ log ðxÞ
a

; (1)

where a is a constant, x is a variable, and the approximation is valid
for log ðxÞ=a� 1. We make the assumption that the log- and
power-law hold across the entire inner and outer layers. For the
log-law, this assumption is known to be unphysical outside the log-
arithmic region.

An important motivation for our work are the applications to
computational fluid dynamics (CFD) simulations,7 where the TI is
often used as a boundary condition. Recently, a machine learning deep
neural network was applied to estimate the TI from short duration
velocity signals.8 This approach may lead to novel information on the
temporal variation of the TI scaling behavior.

The paper is organized as follows: In Sec. II, we briefly summarize
the importance of the TI as a boundary condition for CFD simula-
tions. Thereafter, we review the local logarithmic velocity scaling
in Sec. III, followed by global log- and power-law scaling results in
Sec. IV. We discuss our findings in Sec. V and conclude in Sec. VI.
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II. TURBULENCE INTENSITY AS A CFD BOUNDARY
CONDITION

A canonical example of a turbulence model where the TI is used
as a boundary condition is the standard k� e model9 where two equa-
tions are solved, one for the turbulent kinetic energy (TKE) k and
another for the rate of dissipation of the TKE, e,

k ¼ 3
2
ðUref IÞ2; (2)

e ¼ C3=4
l

k3=2

l
; (3)

where Uref is a characteristic velocity, I2 ¼ u2=U2
ref is the TI, Cl is a

dimensionless constant, and l is a characteristic length. We return to
length scales in Sec. VC.

Thus, we see that a reliable estimate of the TI is needed to calcu-
late the TKE.

The kinematic turbulent viscosity is assumed to be isotropic and
defined as

�t ¼ Cl
k2

e
¼ C1=4

l l
ffiffiffiffiffiffiffi
3=2

p
Uref I: (4)

An expression often used for the TI is one contained in the docu-
mentation of a commercial CFD software,10

I ¼ 0:16� Re�1=8DH
; (5)

where ReDH is the Reynolds number based on the hydraulic diameter
DH. No reference is supplied, but the statement above the equation
reads:

“The turbulence intensity at the core of a fully developed duct
flow can be estimated from the following formula derived from an
empirical correlation for pipe flows:”

Note that other commercial (and open-source) CFD codes also
use Eq. (5), e.g., Ref. 11. We find that problematic since the origins of
the equation are unclear and no references are provided. Our research
aims to remedy the situation by modeling the TI using publicly avail-
able measurements.

III. LOCAL SCALING

We first write the log-law for the streamwise mean velocity as
formulated in Ref. 6,

Uþl ðzÞ ¼
1
jl
log ðzþÞ þ Al (6)

¼ 1
jl
log ðz=dÞ þ 1

jl
log ðResÞ þ Al; (7)

where Uþl ¼ Ul=Us, Ul is the mean velocity in the streamwise direc-
tion, zþ ¼ zUs=� is the normalized distance from the wall, z is the dis-
tance from the wall, � is the kinematic viscosity, jl is the von K�arm�an
constant, and Al is a constant for a given wall roughness. Note that

z=d ¼ zþ

Res
; (8)

where Res ¼ dUs=� is the friction Reynolds number and d is the
boundary layer thickness (pipe radius R for pipe flow). The subscript
“l” means that the constants are “local” fits, i.e., the range of z where

the log-law describes the measurements well (logarithmic region).
Although the log-law is not valid close to the wall, we observe that
Uþl ¼ 0 if zþl ¼ exp ð�AljlÞ. For the Princeton Superpipe constants
(Al ¼ 4:3 and jl ¼ 0:39), zþl ¼ 0:18, see Fig. 1.

In the following, we will use the square of the log-law:

U2
l ðzÞ
U2

s
¼ 1

j2
l

log2ðzþÞ þ A2
l þ

2Al

jl
log ðzþÞ: (9)

According to the attached-eddy hypothesis prediction by
Townsend,6,12 the streamwise fluctuating velocity ul can be written as

u2l ðzÞ
U2

s
¼ B1;l � A1;l log ðz=dÞ; (10)

where B1;l and A1;l are constants. For the Princeton Superpipe, we use
B1;l ¼ 1:56 and A1;l ¼ 1:26, see Fig. 2. We use A1;l ¼ 1:26, which is
an average of several datasets, including Superpipe measurements. The
fit to Superpipe measurements gave A1;l ¼ 1:236 0:05.6

We use Eqs. (9) and (10) to define the square of the turbulence
intensity (TI),

I2l ðzÞ j log�law ¼
u2l ðzÞ
U2
l ðzÞ
¼ B1;l � A1;l log ðz=dÞ

1
j2
l

log2ðzþÞ þ A2
l þ

2Al

jl
log ðzþÞ

: (11)

Here, the two terms in the numerator are both positive and equal
if z=d is

z=d j0;l ¼ exp ð�B1;l=A1;lÞ: (12)

For the Superpipe constants, z=d j0;l ¼ 0:29, see Fig. 3; the mea-
sured near-wall low Res I

2 from Ref. 13 is shown as a horizontal line
for reference. We observe that the TI decreases with increasing Res.

For the Princeton Superpipe measurements, Res ranges from
1985 to 98 190; the logarithm of these numbers is 7.6 and 11.5,
respectively.

FIG. 1. Square of the normalized mean velocity as a function of zþ. The blue line
shows Eq. (9). The other lines are defined and referred to later in this paper: Secs.
IV C 1 and IV C 2.
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IV. GLOBAL SCALING
A. Radial averaging definitions

In this paper, we make use of two radial averaging definitions,
arithmetic mean (AM) and area-averaged (AA). The reason for
employing two methods is to extract two averages from the same mea-
surements. This in turn allows us to construct radial profiles of the
squared normalized fluctuating and mean velocities with two parame-
ters. The result is two equations with two unknowns, i.e., the two pro-
file parameters.

1. Arithmetic mean

The arithmetic mean (AM) is defined as

h�iAM ¼
1
d

ðd

0
�½ �dz (13)

¼ 1
Res

ðRes
0
�½ �dzþ; (14)

where we define the average both integrating over z and zþ.

2. Area-averaged

The area-average (AA) is defined as

h�iAA ¼
2

d2

ðd

0
�½ � � ðd� zÞdz (15)

¼ 2
Res

ðRes
0
�½ �dzþ �

2
Re2s

ðRes
0
�½ � � zþdzþ: (16)

B. Velocity fluctuations

The averaged square of the measured normalized fluctuating
velocities is shown in Fig. 4, both for smooth- and rough-wall pipe
flow. Both the AM and AA averaging is shown; they have different
amplitude, but both averages are roughly constant as a function of
Reynolds number. We also note that the smooth- and rough-wall
results are comparable.

In general, we show both smooth- and rough-wall measure-
ments, but only use the smooth-wall measurements for postpro-
cessing. The rough-wall measurements are shown for reference
and to indicate whether they follow the smooth-wall behavior or
not.

1. Log-law

The AM average of the log-law for the fluctuating velocity, Eq.
(10), has been derived in Ref. 14,

FIG. 2. Square of the normalized fluctuating velocity as a function of z=d. The blue
line shows Eq. (10). The other lines are defined and referred to later in this paper:
Secs. IV B 1 and IV B 2.

FIG. 3. I2 as a function of z=d. Left: Res ¼ 10 715, right: Res ¼ 98 190. The blue lines show Eq. (11). The magenta lines show the value ð0:37Þ2 which has been measured
in the vicinity of the wall for low Res turbulent pipe flow.

13 The other lines are defined and referred to later in this paper: Sec. V D.
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�
u2g
U2

s

�
AM; log�law

¼ 1
d

ðd

0
B1;g � A1;g log ðz=dÞ
� �

dz (17)

¼ B1;g þ A1;g ; (18)

where the subscript “g” means that the parameters are “global,” i.e.,
covering the entire range of z.

The corresponding AA average has been derived in Ref. 2,

�
u2g
U2

s

�
AA; log�law

¼ 2

d2

ðd

0
B1;g � A1;g log ðz=dÞ
� �

� ðd� zÞdz (19)

¼ B1;g þ
3
2
� A1;g ; (20)

the difference being a factor 3/2 multiplied with A1;g .
For each Reynolds number, the two averages can be used along

with the measurements in Fig. 4 to derive A1;g and B1;g , see Fig. 5. The
mean and standard deviation is

A1;g ¼ 1:526 0:07; (21)

B1;g ¼ 0:876 0:04; (22)

compared to A1;l ¼ 1:26 and B1;l ¼ 1:56 for the local parameters.
The global parameters can be used to calculate the AM and AA
averages, �

u2g
U2

s

�
AM; log�law

¼ 2:396 0:08; (23)

�
u2g
U2

s

�
AA; log�law

¼ 3:156 0:09; (24)

where we have propagated the errors from Eqs. (21) and (22). The rel-
ative error for both the AM and AA averages is 3%, which is compara-
ble to the 3.4% uncertainty of the Princeton Superpipe measurements,
see Table II in Ref. 4.

Results using the global parameters are shown in Fig. 2 as the
“global log-law.”

2. Power-law

In addition to the log-law for the fluctuating velocity, our alterna-
tive radial profile will be a power-law function which we write intro-
ducing two new parameters ag and bg,

u2g ðzÞ
U2

s
¼ ag �

z
d

� �bg

: (25)

As we did for the log-law, we calculate the AM and AA averages
of this function,�

u2g
U2

s

�
AM;power�law

¼ 1
d

ðd

0
ag �

z
d

� �bg
" #

dz (26)

¼
ag

bg þ 1
; (27)

FIG. 4. The averaged square of the measured normalized fluctuating velocities as
a function of Reynolds number.

FIG. 5. Left-hand plot: A1;g vs Res, right-hand plot: B1;g vs Res. The smooth-wall average is shown as blue lines and the local parameter value as black lines.
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�
u2g
U2

s

�
AA;power�law

¼ 2

d2

ðd

0
ag �

z
d

� �bg
" #

� ðd� zÞdz (28)

¼ 2ag
ðbg þ 1Þðbg þ 2Þ : (29)

As for the log-law, these two averaged equations can be used with
the measurements in Fig. 4 to calculate ag and bg for each Reynolds
number, see Fig. 6.

The mean and standard deviation using the smooth-wall mea-
surements is

ag ¼ 1:246 0:04; (30)

bg ¼ �0:486 0:01: (31)

By construction, the global power-law parameters yield (almost)
the same result for the AM and AA averages as the global log-law
parameters, �

u2g
U2

s

�
AM;power�law

¼ 2:38; (32)

�
u2g
U2

s

�
AA;power�law

¼ 3:14: (33)

Results using the global power-law parameters are shown in
Fig. 2 as the “global power-law.” The shape of the power-law is very
different from the log-law profiles, also in the range where the log-law
matches measurements well. This is an indication that the power-law
is far from reality; in that sense, it is a mathematical abstraction.
However, the average of the profile does match the average of the mea-
surements as is the case for the log-law.

C. Mean velocity

The averaged square of the measured normalized mean velocities is
shown in Fig. 7, both for smooth- and rough-wall pipe flow. Both the
AM and AA averaging is shown; they increase with Reynolds number,
but opposed to the fluctuating velocity, the amplitude of the AM averag-
ing is higher than that for the AA averaging. We can thus already

conclude that the scaling of the TI is really due to the scaling of the mean
velocity. For this case, the smooth- and rough-wall results deviate.

1. Log-law

As we did for the fluctuating velocities, we also average the square
of the mean velocities. The AM average of the log-law has been
derived in Ref. 15,�

U2
g

U2
s

�
AM; log�law

¼ 1
Res

ðRes
0

1
jg

log ðzþÞ þ Ag

	 
2
dzþ (34)

¼ 2
j2
g
�
2Ag

jg
þ A2

g þ log ðResÞ
2Ag

jg
� 2

j2
g

 !

þ log2ðResÞ
j2
g

; (35)

and the AA average is

FIG. 6. Left-hand plot: ag vs Res, right-hand plot: bg vs Res. The smooth-wall average is shown as blue lines.

FIG. 7. The averaged square of the measured normalized mean velocities as a
function of Reynolds number.
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�
U2
g

U2
s

�
AA; log�law

¼ 2
Res

ðRes
0

1
jg

log ðzþÞ þ Ag

	 
2
dzþ

� 2
Re2s

ðRes
0

1
jg

log ðzþÞ þ Ag

	 
2
� zþdzþ (36)

¼ 7
2j2

g

� 3Ag

jg
þ A2

g þ log ðResÞ
2Ag

jg
� 3

j2
g

 !

þ log2ðResÞ
j2
g

: (37)

These two equations along with the averaged measurements
form a system of two quadratic equations; thus, we have four solu-
tions; jg and Ag for these solutions are shown in Fig. 8. Only two of
the solutions are unique; the other two are mirror images, see Fig. 9.
Note that we show the normalized mean velocity; the square of this
yields two unique solutions.

We focus on solution 2, which is the solution where jg and Ag

are closest to jl and Al. Ag;solution 2 does not vary with Res, whereas
jg;solution 2 does,

Ag;solution 2 ¼ 1:016 0:32; (38)

jg;solution 2 ¼ 0:34� 623:9� Re�1:31s ; R2 ¼ 0:97: (39)

Solution 2 is provided as mean and standard deviation for
Ag;solution 2 and as a function of Res for jg;solution 2 along with the coeffi-
cient of determination R2. Values are shown in Fig. 10. The asymptotic
value for jg;solution 2 is 0.34; this solution is shown as the “global log-
law, solution 2” in Fig. 1. The rough-wall pipe parameters deviate
from the smooth-wall pipe results.

We define a Res threshold from the jg;solution 2 scaling which we
determine as the value where 99% of the asymptotic value of
jg;solution 2 is reached. This threshold value is Res jthreshold ¼ 10 715, see
the vertical magenta line in the left-hand plot of Fig. 10. This

FIG. 8. Left-hand plot: jg as a function of Res, right-hand plot: Ag as a function of Res. The local parameter values are shown as black lines.

FIG. 9. Normalized mean velocity as a function of zþ for the four solutions. Left-hand plot: Res ¼ 1985, right-hand plot: Res ¼ 98 190.
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establishes a high Reynolds number transition region which will be a
recurring topic in the remainder of this paper.

Solution 4, which has a small positive jg and a large negative Ag,
will be treated in the Discussion. It is a solution which has the zero
crossing at much larger values of zþ than solution 2 because of a large
amplitude (but negative) jgAg product.

The difference between Eqs. (35) and (37) is�
U2
g

U2
s

�
AM; log�law

�
�
U2
g

U2
s

�
AA; log�law

¼ Ag

jg
� 3
2j2

g
þ log ðResÞ

1
j2
g

 !
;

(40)

which is shown for Ag ¼ 1:01 [Eq. (38)] and jg ¼ 0:34 [Eq. (39)] in
Fig. 11 along with the difference for the measurements. As expected,
the difference scales with log ðResÞ for Reynolds numbers above the
threshold.

2. Power-law

For the mean velocity, we also identify an alternative radial
power-law profile with two new parameters cg and dg for the squared
normalized mean velocity,

U2
g ðzÞ
U2

s
¼ cg � zþð Þdg : (41)

The AM and AA averages of Eq. (41) are�
U2
g

U2
s

�
AM;power�law

¼ 1
Res

ðRes
0

cg � zþð Þdg
h i

dzþ (42)

¼ cg
dg þ 1

� Re
dg
s ; (43)

�
U2
g

U2
s

�
AA;power�law

¼ 2
Res

ðRes
0

cg � zþð Þdg
h i

dzþ

� 2
Re2s

ðRes
0

cg � zþð Þdg
h i

� zþdzþ (44)

¼ 2cg
ðdg þ 1Þðdg þ 2Þ � Re

dg
s : (45)

From solving the equations, it is clear that both cg and dg have a
Reynolds number dependency, see Fig. 12. The rough-wall data differ
from the smooth-wall solutions for the power-law profile as it did for
the log-law.

We fit the parameters to power-laws of Res above Res jthreshold,
cg ¼ c1 � Rec2s (46)

¼ 21:25� Re0:16s ; R2 ¼ 0:97; (47)

dg ¼ d1 � Red2s (48)

¼ 0:55� Re�0:09s ; R2 ¼ 0:99: (49)

The solution is shown for Res ¼ 10 715 and Res ¼ 98 190 as the
“global power-law” in Fig. 1.

FIG. 10. Left-hand plot: jg;solution 2 vs Res, right-hand plot: Ag;solution 2 vs Res. Blue lines are Eqs. (38) and (39), and local parameter values are black lines.

FIG. 11.
D

U2
g

U2
s

E
AM
�
D

U2
g

U2
s

E
AA

vs Res, the black line is Eq. (40).
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Also included in Fig. 12 are previous results for local and semi-
global (subscript “s-g”) power-law fits to Superpipe
measurements,16,17

U2
l ðzÞ
U2

s
¼ 8:70� ðzþÞ0:137
� �2

; (50)

U2
s�gðzÞ
U2

s
¼ ð0:7053� log ðReDÞ þ 0:3055Þ � ðzþÞ

1:085
log ðReDÞ

þ 6:535
log2ðReDÞ

h i2
;

(51)

where ReD ¼ DhUgiAA=� is the bulk Reynolds number based on the
pipe diameter D ¼ 2R. We use an equation derived in Ref. 3 to con-
vert between Res and ReD,

Res ¼ 0:0621� Re0:9148D : (52)

Note that the exponent in Eq. (52) is found to be 12=13
¼ 0:923 1 in Ref. 18, which deviates less than 1% from our result.

The local power-law fit was done for 60 < zþ < 0:15Res and the
semi-global power-law fit covered a range 40 < zþ < 0:85Res. The
local power-law fit can be compared to a range of 3

ffiffiffiffiffiffiffi
Res
p

< zþ

< 15Res used for the local log-law fits in Ref. 6.
As mentioned in Ref. 16, the local power-law exponent in Eq.

(50), 0.137, is close to the 1/7 exponent (“the 1/7th law”) proposed by
von K�arm�an and Prandtl as a global power-law for the low Reynolds
number mean velocity (see chapter 2.4 in Ref. 19 for the historical
context).

It is interesting to note that the semi-global and global power-law
parameters scale with Res in a similar fashion; the difference is mainly
an offset, which is due to the different radial ranges used for the fits.

V. DISCUSSION
A. The high Reynolds number transition placed in
context

As stated, we have identified a transition in mean flow behavior
around Res jthreshold ¼ 10 715 at the point where jg;solution 2 reached

99% of the asymptotic value. This criterion is of course arbitrary to
some extent; if we instead require 95%, the transitional Res is 3126, a
factor of three lower, see Fig. 13. Therefore, a single transitional
Reynolds number is difficult to pin down, indicating that there is a
gradual rather than an abrupt transition.

The transition we have found in this paper is consistent with ear-
lier indications of transition, see Appendix D in Ref. 1.

In Ref. 20, it is shown that the turbulent kinetic energy produc-
tion in the logarithmic region exceeds the near-wall production above
Res � 4200. This could be linked to the transition we are describing in
this paper.

Global averaging has previously been used in Ref. 21, where the
streamwise component of the area-averaged mean turbulent kinetic
energy is calculated,

FIG. 12. Left-hand plot: cg as function of Res, right-hand plot: dg as function of Res. Blue lines are Eqs. (47) and (49), black solid lines are local values from Eq. (50), and black
dotted lines are semi-global values from Eq. (51).

FIG. 13. jg;solution 2 vs Res. The transitional Res using the 99% (95%) criterion is
shown as the vertical solid (dashed) magenta line, respectively.
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K ¼
�
u2

2

�
AA

; (53)

which can be related to the area-average of the square of the normal-
ized fluctuating velocity used in this paper,

�
u2g
U2

s

�
AA

¼ 2K
U2

s
: (54)

As a consistency check, we can compare results for K=U2
s in Ref.

21 with values we have calculated: They find that the ratio is in the
range 1.6–1.7 above ReD � 105. Multiplying this by two to convert to
hu2g =U2

s iAA, we find a range 3.2–3.4 which agrees fairly well with the
average value of the Superpipe measurements, namely, 3.2, see Fig. 4
and Eqs. (24) and (33).

A transition in the friction factor from Blasius scaling to
“extreme-Re” scaling has been identified for smooth pipes in Ref. 18,

kBlasius ¼
3:16� 10�1

Re1=4D

; (55)

kExtreme�Re ¼
9:946� 10�2

Re2=13D

; (56)

see Fig. 14. The nominal value for the transition is ReD ¼ 166 418. A
universal model for the friction factor in smooth pipes has been pub-
lished in Ref. 22.

Under certain assumptions, the Blasius friction factor scaling can
be used to derive the global 1/7th law, see division G, Sec. 22 in Ref.
23,

U2
g�BlasiusðzÞ

U2
s

¼ 8:74� ðzþÞ1=7
h i2

: (57)

Results from Refs. 18, 20, 21, and 24, and this paper are sum-
marized in Table I. For all cases, both Res and ReD are shown. The
results agree within a factor of two except for Ref. 24 and the
“threshold (99%)” values which are roughly a factor of three

higher. It seems likely that all results detect the same transition;
however, from our analysis it appears that the transitional
Reynolds number is higher than the previously estimated one, but
consistent with Ref. 24.

B. On the properties of the von K�arm�an constant

A theory has been proposed where z þ zoffset is considered
instead of z, zoffset being an offset associated with a mesolayer.25 One
consequence is the variation of the von K�arm�an constant with
Reynolds number,

joffset ¼
j1ðlog ðDsResÞÞ1þa

ðlog ðDsResÞÞ1þa � aAj1
; (58)

which is shown in the left-hand plot of Fig. 15 for j1 ¼ 0:447, Ds

¼ 1, a ¼ 0:44, and A ¼ �0:67. The trend is similar to what we
have observed, but the approach to the asymptotic value of the von
K�arm�an constant is slower for the offset theory, see the right-hand
plot of Fig. 15.

Variations of the von K�arm�an constant with Reynolds number
have been compared for different canonical flows in Ref. 26. The von
K�arm�an constant approaches an asymptotic value, but the value of
this number is different for the three flow types. These results and
others are included in Ref. 27, and it is stated that the von K�arm�an
constant approaches the asymptotic value from below for pipe flow,
which matches what we have found.

The concepts of active and inactive vortex motion12,28 relates to
effects of smaller near-wall and larger core eddies. In Ref. 29, a possible
consequence of this distinction is shown to be scaling of the von
K�arm�an constant with Reynolds number. The outcome is that the
measured value of the von K�arm�an constant is larger than the univer-
sal value by a factor which depends on the streamwise TI squared
among other terms.

C. Length scales

A characteristic mixing length scale lm (see Chap. 2.5 in Ref. 19)
can be found by differentiating the mean velocity log-law,

dUþ

dz
¼ 1

jz
¼ 1

lm
; (59)

which shows that the scale of turbulence is proportional to the distance
from the wall (attached eddies12),

lm ¼ jz: (60)

FIG. 14. Friction factor as a function of ReD for smooth pipes. The transitional ReD
using the 99% (95%) criterion is shown as the vertical solid (dashed) magenta line,
respectively.

TABLE I. Transition Reynolds number.

Source Res ReD

Marusic et al.20 4200 1.9 �105
Yakhot et al.21 2329 1.0 �105
Anbarlooei et al.18 3711 1.7 �105
Skouloudis and Hwang24 104 4.9 �105
Threshold (95%) 3126 1.4 �105
Threshold (99%) 10 715 5.3 �105
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Since we have found that jg < jl , the global characteristic length
scale lg ¼ jgz is smaller than the corresponding local length scale
ll ¼ jlz for a given distance from the wall. We also note that if the
von K�arm�an constant increases with Reynolds number, the turbulent
structure size increases correspondingly.

Integral length scales can be found by calculating the AM and
AA of the mixing length,

li;AM ¼ hlmiAM ¼
1
d
�
ðd

0
jzdz ¼ jd

2
; (61)

li;AA ¼ hlmiAA ¼
2

d2
�
ðd

0
jz � ðd� zÞdz ¼ jd

3
: (62)

In Ref. 30, a turbulent length scale is derived from the normalized
correlation function R(z) to be

lc ¼
ðd

0
RðzÞdz � 0:14d: (63)

If we require li;AM ¼ lc (li;AA ¼ lc), we get j ¼ 0:28 ð0:42Þ,
respectively, which is comparable to the range of values between jg

and jl.
Our discussion pertains to wall-normal length scales; spanwise

and/or streamwise structures can extend to lengths far greater than the
pipe diameter.

D. Radial profiles of turbulence intensity

The global log-law TI profile is defined as in Eq. (11), but with
the subscript changed from “l” to “g.” This is shown for solution 2 as
“global log-law, solution 2” in Fig. 3. In this figure, the “global power-
law” is also present, defined as

I2g ðzÞ jpower�law ¼
ag �

z
d

� �bg

cg � zþð Þdg
: (64)

E. Turbulence intensity scaling with Reynolds number

Below we define the TI squared using ratios for either log- or
power-laws separately.

The averaged global TI squared is defined below for AM and AA,
see Fig. 16,

hI2g iAM ¼
�

u2g
U2

s

�
AM

��
U2
g

U2
s

�
AM

; (65)

hI2g iAA ¼
�

u2g
U2

s

�
AA

��
U2
g

U2
s

�
AA

: (66)

1. Log-law

The averaged global TI squared for the log-law is defined for AM
using Eqs. (18) and (35),

FIG. 15. Left-hand plot: joffset vs Res, right-hand plot: Comparison between normalized change of jg;solution 2 and joffset.

FIG. 16. Averaged global TI squared as a function of Res.
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hI2g iAM; log�law ¼
B1;g þA1;g

2
j2
g
�
2Ag

jg
þA2

g þ logðResÞ
2Ag

jg
� 2

j2
g

 !
þ log2ðResÞ

j2
g

:

(67)

The averaged global TI squared for the log-law is defined for AA
using Eqs. (20) and (37),

hI2g iAA; log�law ¼
B1;g þ 3

2�A1;g

7
2j2

g
�3Ag

jg
þA2

g þ logðResÞ
2Ag

jg
� 3

j2
g

 !
þ log2ðResÞ

j2
g

:

(68)

These definitions are shown as black lines in Fig. 16. Mean values
of A1;g and B1;g from Eqs. (21) and (22) have been used.

2. Power-law

The averaged global TI squared for the power-law is defined for
AM using Eqs. (27) and (43),

hI2g iAM;power�law ¼
ag

bg þ 1
� dg þ 1

cg � Re
dg
s

: (69)

The averaged global TI squared for the power-law is defined for
AA using Eqs. (29) and (45),

hI2g iAA;power�law ¼
2ag

ðbg þ 1Þðbg þ 2Þ �
ðdg þ 1Þðdg þ 2Þ

2cg � Re
dg
s

: (70)

These definitions are shown as green lines in Fig. 16.

F. Turbulence intensity scaling with friction factor

We have presented results relating the TI and the friction factor
in Refs. 2 and 3, and we can discuss it further based on our findings in
this paper. The friction factor is defined as

k ¼ 8
U2

s

hU2
g iAA

¼ 8�
U2
g

U2
s

�
AA

; (71)

which can be rewritten as

hI2g iAA ¼
k
8
�
�

u2g
U2

s

�
AA

(72)

¼ k
8
� B1;g þ

3
2
� A1;g

� �
(73)

¼ k
8
� 2ag
ðbg þ 1Þðbg þ 2Þ (74)

¼ 0:39� k (75)

¼ jl � k; (76)

leading to a simple relationship between the area-averaged, squared
TI, and the friction factor in the final Eq. (76): They are proportional
with the local von K�arm�an constant jl as the factor of proportionality.

This relationship is illustrated in Fig. 17. It is generally valid, e.g., for
all Res and smooth- and rough-wall pipe flow.

We end by combining Eqs. (55) and (56) with Eq. (76) to derive
expressions for the area-averaged, squared TI explicitly as a function
of ReD,

hI2g iAA;Blasius ¼ jl �
3:16� 10�1

Re1=4D

; (77)

hI2g iAA;Extreme�Re ¼ jl �
9:946� 10�2

Re2=13D

: (78)

The performance of these expressions is shown in Fig. 18. Note
that the friction factor scaling used18 is for smooth pipes. The agree-
ment with measurements is reasonable although the slope for the
“extreme-Re” range is not matching the smooth pipe measurements
exactly.

FIG. 17. hI2giAA=k as a function of Res. The smooth- and rough-wall results are in
the same range.

FIG. 18. hI2giAA as a function of Res. The solid (Blasius) and dotted (extreme-Re)
lines are the smooth pipe predictions from Eqs. (77) and (78).
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G. Alternative solutions to the global log-law

We have focused on solution 2 for the global mean velocity log-
law. Here, we return briefly to the other solutions, see Fig. 9.

Solution 1 is simply flow in the reverse direction of solution 2.
Solutions 3 and 4 have zero crossings at much higher zþ than the

local log-law. If one would interpret this in a physical sense, it could be
equivalent to Couette flow with walls moving in opposite directions,
see e.g., Ref. 31.

For completeness, we characterize solution 4. Both Ag;solution 4

and jg;solution 4 are functions of Reynolds number. Fits for Reynolds
numbers above the threshold yield

Ag;solution 4 ¼ �24:49� Re0:21s ; R2 ¼ 0:99; (79)

jg;solution 4 ¼ 0:11� Re�0:10s ; R2 ¼ 0:99; (80)

see Fig. 19. Thus, it adds some complexity compared to solution 2
where both parameters are constant above the threshold Reynolds
number. However, it is a mathematically valid solution as well.

H. Higher order radial averaging

We have considered equations for fluctuating and mean veloci-
ties defined using two parameters. Thus, two equations for radial aver-
aging were required, AM and AA.

If we were to consider, e.g., equations using three parameters, we
would need a third radial averaging equation, volume averaging
(VA).3

For this case, the square of the fluctuating and mean velocities
could be expressed as

u2g ðzÞ
U2

s
¼ ag �

z
d

� �bg

þ cg (81)

and

U2
g ðzÞ
U2

s
¼ eg � zþð Þfg þ gg ; (82)

respectively, where ag ; bg ; cg ; eg ; fg , and gg are parameters.

Other power- and log-law solutions, inspired by the offset solu-
tion25 and grid-generated turbulence decay (see, e.g., Chap. 3.3.1 in
Ref. 19), could be

u2g ðzÞ
U2

s
¼ ag �

z
d
þ cg

� �bg

; (83)

U2
g ðzÞ
U2

s
¼ eg � zþ þ gg

� 
fg
; (84)

u2g ðzÞ
U2

s
¼ ag � bg � log

z
d
þ cg

� �
; (85)

U2
g ðzÞ
U2

s

¼ ðfg � log ðzþ þ ggÞ þ egÞ2: (86)

This is outside the scope of the current paper but will be
addressed in future research.

I. Scaling of the peak of the squared normalized
fluctuating velocity

We note that a radial redistribution of the velocity fluctuations as
a function of Res might occur—but not be detected—due to the aver-
aging process.

We know that the peak of the squared normalized fluctuating
velocity scales with Res, but recent work32,33 indicates that the
peak becomes asymptotically constant (bounded). This is in con-
trast to previous scaling expressions where the peak is proportional
to the logarithm of the Reynolds number,34 see Fig. 20. Using the
expression for u2=U2

s jpeak in Ref. 32, the peak value is 9.6 for
Res ¼ 10 715, which is 20% below the asymptotic value of 11.5.
The Princeton Superpipe data we treat is part of the measurement
database used in Ref. 32; it is interesting to note that the Superpipe
peak values appear to become asymptotic at a value of roughly 9
for Res above 4000. This value matches the transitional Reynolds
numbers in Table I quite well.

FIG. 19. Left-hand plot: jg;solution 4 vs Res, right-hand plot: Ag;solution 4 vs Res. Blue lines are Eqs. (79) and (80).
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J. Recommendations

As stated in Ref. 35, the log-law has the advantage over the
power-law of being universal, i.e., independent of Reynolds number
for asymptotically high Reynolds numbers.

The question of log- vs power-law behavior has been debated for
more than a century, with bursts of publications followed by periods
of relative calm. One such burst occurred in relation to the publication
of Refs. 36 and 37, where a power-law approach was advocated, fol-
lowed by various rebuttals, e.g., Ref. 16.

We have seen that log- and power-laws characterize the
Superpipe measurements equally well, but the universality of the log-
laws puts them at a slight advantage. To quote Ref. 29, “Occam’s razor
might lead us to favor the log-law.”

VI. CONCLUSIONS

By an analysis of global properties of fluctuating and mean pipe
flow velocities, we have characterized a high Reynolds number transi-
tion region at a friction Reynolds number Res � 11 000. The transi-
tional Reynolds number appears slightly higher than that reported in
literature, so the global von K�arm�an constant jg may be a more sensi-
tive indicator than those used previously. A consequence of this transi-
tion is that we cannot use a single scaling expression for turbulent flow
across the entire Reynolds number range. This is important for CFD
and other industrial applications.

Fluctuating and mean velocities have been treated separately
and combined to calculate the TI. Scaling with Reynolds number
and the impact of wall roughness is only seen for the mean flow.
We have applied a novel method to derive two-parameter radial
expressions using both log- and power-law functions; they capture
the main features of the Princeton Superpipe measurements
equally well. However, we would tend to recommend using log-
law functions since they become universal for high Reynolds
numbers.

We have shown that the area-averaged square of the TI is pro-
portional to the friction factor, the proportionality constant being the
local von K�arm�an constant jl ¼ 0:39.
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