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Abstract

Start from previous paper [N.T.Basse, Modelling of vortex-induced aviation
turbulence, Meteorol. Atmos. Phys. Vol. 7, pp. ?-7, 2019]. Build model
where vortex tube is much larger than aircraft, so aircraft can be modelled as
a point. Simple equations of motion using aircraft acceleration due to vortex
tube. Study velocity and position of aircraft. We find that mechanism is
amplification of gravity wave by vortex tube.

Keywords: Aviation turbulence, Vortex tube, Aircraft motion, Gravity
wave

1. Introduction

Refer to [1], where aircraft acceleration due to various vortex tube (VT)
sizes was modelled.

Here, we consider the aircraft as being a point, i.e. that the dimensions
of the VT are much larger than the aircraft. This simplifies the model.

Goal: Simple model to predict position/velocity and other measurable
quantities.

The paper is organized as follows:

2. Model

2.1. Aircraft geometry

The wing and fuselage areas are defined as rectangular areas:
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Afuselage = LH (1)
Awing - CS, (2)

where L is the fuselage length, H is the fuselage height, C' is the wing chord
and S is the wing span.

As in [1], we use dimensions similar to those of an Airbus A330-200 [2],
i,e. H=C=6 m and L=5=60 m.

2.2. Physical constants

The specific gas constant for dry air is [3]:

Rspeciﬁc,air = 287.058 J/(kg ' K) (3)
The polytropic index is [4]:
n = 1.235 (4)

The density of air at sea level is [3]:

po = 1.225 kg/m* (5)

The pressure of air at sea level is [3]:

po = 101325 Pa (6)

The temperature of air at sea level is [3]:

T, = 288.15 K (7)

The Earth mean radius is [5]:

TEarth = 6.371 x 10° m (8)
The Earth mass is [5]:

MEarth = 5.9722 x 10** kg (9)

The gravitational constant is [6]:

G = 6.67384 x 107" m?/(kg - s?) (10)



2.3, Initialisation

Max thrust at sea level:

To = 600 x 10> N (11)
Thrust factor (50%):
ﬁactor = 0.5 (12)
Initial altitude:
Zinit — 104 m (13)

Initial speed (in z-direction):

Uit = 800/3.6 = 222.2 m/s (14)
Initial aircraft mass:
Miniy = 230 x 10° kg (15)
Fuel consumption:
F =6/1000 kg/m (16)
The initial gravitational acceleration is [7]:
GmEarth
init = 17
Jinit (TEarth + Zinit)? (17)
The acceleration of a vortex tube event:
ayrt = 0.5 x Ginit (18)
Determine viscous damping coefficient value from:
F .
(1= =""1 (19)
v v

Using m = Miny, @ = ayr and v = vy, we set the viscous damping
coefficient in the y- and z-direction equal:

cl, = cl, = 5000[CHECK!] kg/s (20)
The initial density of air is [4]:

1/(n—1)
- ]- ini
n P0Yinit Zinit)

Pinit = Po X (1 -
n Po
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The initial air temperature is [4]:

- 1 ini
Toie = Ty X (1 S Y tm) (22)
n Po

The initial dynamic viscosity of air is derived from the initial temperature
and density using a real gas model [g].
The maximum initial thrust is:

ﬂnit,max = 76 * pinit/pO (23>
At the initial altitude, the 50% thrust is:

7;nit,50 = ﬁactor X 7;nit7max = 0.5 x 7;nit,max (24)

The drag (Cy;) and lift (C}) coefficients are constants based on initial
conditions. Here, (i) thrust balances drag and (ii) gravity balances lift:

2Tinit,50

Cjg=——F"" 25
a pinitUiQnitAwing ( )
2Minit Ginit
Ci=——" 26
: pinitvgnitAwing ( )
2.4. Vortex tube case

The angular velocity of the VT is:

Q = ayr/Vinit (27)
The vorticity of the VT is [1]:

wy = —20sin(0) cos() (28)
wy = —2Qsin(f)sin(¢p) (29)
w, = —2Qcos(h), (30)

where 6 is the polar angle and ¢ is the azimuthal angle.

2.5. Equations of motion

Two time loops:

1. First loop to establish stable altitude
2. Second loop which includes the VT encounter



Time step size At of 0.1 s. Smaller steps lead to more precise results, but

take longer time.
Length of time for loops is 1900 and 2100 s (may change).
The aircraft mass is calculated as:
m(t) = mingy — F (2(t) — Tinie)

The drag and lift coefficients are:

Cdp(t)Awing
Ayt) = —F—=
a(t) 2mi(t)
t)A in
Al(t) — Clp( ) wing
2m(t)
The thrust is corrected because of the reduction of aircraft mass:
7201"1" = m(t)
Minig

This means the thrust becomes:

t
T(t) = 7;orr X ﬁactor X 76 X &
£o
2.5.1. QOutside vortex tube

Cartesian coordinate system:

1. x-direction is longitudinal
2. y-direction is transverse
3. z-direction is vertical

(31)

(32)

(33)

Acceleration in longitudinal (x), transverse (y) and vertical (z) directions:

az(t) = T(t)/m(t) — Ag(t) x v,(t)?

ay(t) = —clyv,(t)/m(t)
a.(t) = A(t) x v.(t)* — g(t) — cl. x v.(t)/m(t)

—~
w
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2.5.2. Inside vortex tube
Acceleration in longitudinal (x), transverse (y) and vertical (z) directions:

as(t) = T(t)/m(t) — Aa(t) x va(1)*

+1/2 (wyv,(t) — w,vy(t)) (39)
ay(t) = —clyvy(t)/m(t)

+1/2 (w,v5 (1) — wav:(t)) (40)
a.(t) = A(t) x v.(t)* — g(t) — cl. x v.(t)/m(t)

+1/2 (wavy (1) — wyvs (1)) (41)

2.6. Time stepping
(Forward) Euler scheme
Velocity at timestep t + At:

v (t+ At) = v.(t) + a.(t)At (42)
v, (t+At) = v, (t) + a,(t)At (43)
v(t+At) = v, (t)+a.(t)At (44)

Position at timestep t + At:

z(t+At) = z(t) + v.(t)At (45)
y(t+At) = y(t)+v,(t)At (46)
2(t+ At) = z(t) +v.(t)At (47)

Gravitational acceleration at timestep t + At:

GmEarth
t+ At) = 48
g( ) (TEarth+Z(t+At))2 ( )
Density at timestep t + At:
—1 t+ At /(1)
ot + Ab) = po x <1 U . £og <p+ Ve + At)) (49)
0

Temperature at timestep t + At:

n ; 1 Pog(tp+ At) 2t + At)) (50)

Dynamic viscosity at timestep ¢+ At is derived from p(t + At) and T'(t +
At).

T(t+ At) = Ty x (1—



2.7. Postprocessing
2.7.1. Energy [MATLAB 1/4]

is this section really necessary, what is the purpose?
calculate energy loss due to: drag (z), lift (z), viscous damping (y and

2):
W= /Fds, (51)

where s in our case can be either z, y or z.
F is previously defined.

2.7.2. Speed of sound [MATLAB 2/4]

sos: dry air prop to sqrt temp, use to construct Mach no

b
Cideal = (/77— 52
e (52)

where v = 1.4 for air.
Calculate Mach number.

3. Results

3.1. Vortex tube geometry

VTs in the three principal directions.
Size is defined to have a vortex/aircraft area ratio r4 = 10, which means
that the vortex tube is large compared to the aircraft area [1]:

e Vortex radius R =33.9m
e Vortex width W = 53.2 m

Cases are in Table 1.

Table 1: Table of cases. Case 1 is the baseline case.

Caseno ¢ [rad] 0 [rad] yo [m] 2o [m] R [m] W [m]

1 72 /2 0 0 339 532
18 /2 ™ 0 0 339 532
19 7r /2 0 0 339 532

3.2. Transverse (horizontal) vortex tube (case 1)

transverse vortex tube (TVT, corresponds to what is usually called hori-
zontal vortex tube (HVT)



3.2.1. No viscous damping

c¢1_z=0; no displacement in z-direction, but oscillation around mean con-
tinuously after VT. find max velocity in z-direction, around 1.4 m/s. oscil-
lating continuously after VT.

Link to atmospheric (pure) gravity waves [9]. Stratified fluid, i.e. density
changing with altitude.

Brunt—Vaisala (B-V) angular frequency:

_ |94d0
WB-V =\ (53)

where 6 is the potential temperature:

0=T (ZE)RM (54)

and R/c,=0.286 for air.
We find that:

2

WB-v

Tpv = (55)

is proportional to the modelled oscillation period. Calibrated at our standard
case we find:

Ts v
2.893
Another approach is to set a reference potential temperature 6, [9]:

[ g df
WB—V ref = e%aa (57)

where 6y=39.15 K when calibrating to our standard case. Here:

Thiodel 1 = (56)

2T

WB—V ref

Thiodel 2 = (58)

Which model is best (smallest root-mean-square deviation), Model 1 or
27

3.2.2. With viscous damping

c1 z=5000[CHECK!]; z-position: three peaks visible (same as velocity),
back to before VT. 22 m change for first peak. single velocity peak (1.5 m/s),
second and third peaks visible



3.8. Case 18: Vertical vortex tube

0 = 7 (see case 17 in [1])

cl_y=0; y-position continually increases max velocity in y-direction, around
1.5 m/s. stays constant after reaching max.

c1_y=5000[CHECK!]; 41 m y-displacement single velocity peak (1.5 m/s),
no oscillation

3.4. Case 19: Longitudinal vortex tube

¢ = 7 (see case 15 in [1])

cases:

no damping: y continually increasing, z oscillating z/v_z/a_z all oscillating
all the time

fixed damping (5000[CHECK!]): y becomes constant no oscillation in z

4. Discussion

4.1. Richardson number [MATLAB 3/4]
Richardson number [10]:

w2
Ry =—2=V (59)
(OVhor /02)
where v, = /02 + vg is the horizontal velocity and Jvye,/0z is the vertical
shear. If R; < 0.25 it is theoretically predicted that the shear instability
occurs.

Acceleration due to vortex tube leads to larger vertical shear? If yes,

could explain excitation.

4.2. Energy transfer

https://physicstoday.scitation.org/doi/10.1063/PT.3.4225
(see papers in folder)

4.3. Phugoid mode

Oscillation is called the phugoid mode - from [11], the oscillation period
is:

_ V2r,

Tpn q (60)
This mode is very lightly damped, the damping ratio is:
1 C
: (61)

‘TG
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https://physicstoday.scitation.org/doi/10.1063/PT.3.4225

Scaling of the oscillation frequency

Modification of phugoid oscillation period, fits without velocity depen-
dency:

alp

Tphﬂp = 7> (62)

where a;,=1868 m/s, fmin=14.8. Calibrating at 1 g yields a constant which
is 1782 m/s.

agp

Tonzp = 25, (63)

where a9,=2558, by,=1.2 and fmin=2.6. Here, we can not apply units to the
fit parameters since by, is not an integer.

Also a small dependency of oscillation period on altitude z.

No dependency: Speed, weight, wing area, thrust etc.

Conclusion: This is not the phugoid mode. Can it be that sometimes the
phugoid mode is mistaken for the gravity wave?

4.4. Sound [MATLAB }/4]

Link to (linear theory of) vortex-airfoil interaction noise [12,(13,14]. This
is about acoustic pressure, we study pressure at the aircraft altitude. Com-
pare pressure signatures for the two cases.

Sound generated by aircraft in response to vortex tube encounter |13]:

1
S = mv (p(t)w x V) (64)

Or - for low Mach number:
S§=V-(wxv) (65)

5. Conclusions

Aircraft encounter with VT amplifies gravity waves.

Explanation: Sudden acceleration due to vortex tube increases vertical
shear, which decreases the Richardson number, thus destabilizing the gravity
wave.

Next: (i) Comparison to measurements and (ii) model which includes
smaller VTs, i.e. a combination of [1] and this paper.

10



References

[1] N.T.Basse, Modelling of vortex-induced aviation turbulence, https://
arxiv.org/abs/1711.00276

[2] https://www.airbus.com/aircraft/passenger-aircraft/
a330-family/a330-200.html

[3] https://en.wikipedia.org/wiki/Standard_sea-level_
conditions

[4] Y.Nakayama, Introduction to Fluid Mechanics, 2nd Ed., Butterworth-
Heinemann, 2018

[5] https://en.wikipedia.org/wiki/Earth
[6] https://en.wikipedia.org/wiki/Gravitational_constant
[7] https://en.wikipedia.org/wiki/Gravity_of_Earth

[8] M.V.Zagarola, Mean-Flow Scaling of Turbulent Pipe Flow, Ph.D. the-
sis, Princeton University, 1996

[9] Y.-L. Lin, Mesoscale Dynamics, Cambridge University Press, 2007

[10] L.N.Storer, P.D.Williams, and P.G.Gill, Aviation turbulence: dynam-
ics, forecasting, and response to climate change, Pure Appl. Geophys.
Vol. 176, pp. 2081-2095, 2019

[11] F.W.Lanchester, Aerodonetics, A. Constable & Co. Ltd., 1908

[12] M.S.Howe, Acoustics of Fluid-Structure Interactions, Cambridge Uni-
versity Press, 1998

[13] M.S.Howe, Theory of Vortex Sound, Cambridge University Press, 2003

[14] M.S.Howe, Acoustics and Aerodynamic Sound, Cambridge University
Press, 2015

11


https://arxiv.org/abs/1711.00276
https://arxiv.org/abs/1711.00276
https://www.airbus.com/aircraft/passenger-aircraft/a330-family/a330-200.html
https://www.airbus.com/aircraft/passenger-aircraft/a330-family/a330-200.html
https://en.wikipedia.org/wiki/Standard_sea-level_conditions
https://en.wikipedia.org/wiki/Standard_sea-level_conditions
https://en.wikipedia.org/wiki/Earth
https://en.wikipedia.org/wiki/Gravitational_constant
https://en.wikipedia.org/wiki/Gravity_of_Earth

	Introduction
	Model
	Aircraft geometry
	Physical constants
	Initialisation
	Vortex tube case
	Equations of motion
	Outside vortex tube
	Inside vortex tube

	Time stepping
	Postprocessing
	Energy [MATLAB 1/4]
	Speed of sound [MATLAB 2/4]


	Results
	Vortex tube geometry
	Transverse (horizontal) vortex tube (case 1)
	No viscous damping
	With viscous damping

	Case 18: Vertical vortex tube
	Case 19: Longitudinal vortex tube

	Discussion
	Richardson number [MATLAB 3/4]
	Energy transfer
	Phugoid mode
	Sound [MATLAB 4/4]

	Conclusions

